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Abstract 

 Ablation procedures have become one of the most 
efficient treatments for termination of atrial fibrillation 
(AF). The aim of this study is to evaluate the accuracy of 
dominant frequency (DF) maps on the epicardium 
computed from non-invasive recordings as a clinical tool 
for the identification of AF sources. 

Spherical and realistic atrial models were used. Four 
fibrillation patterns with varying dominant frequency 
distributions were obtained. Surface potentials were 
computed by solving the forward problem and adding 
noise at signal-to-noise ratios (SNR) from 10 to 20 dB. 

For the spherical model, with 80% of the surface with 
a DF of 14 Hz and 20% with a DF of 21.5 Hz, RDM* 
between generated and inverse computed potentials was 
0.56 without added noise and 1.05 with SNR=10 dB. 
However, for the same conditions, the RDM* of DF maps 
were 0.02 and 0.09, with DF errors of 0.01±0.31 Hz and 
0.26±1.39 Hz, respectively. For the realistic model, 
frequency reconstruction was consistent with generated 
electrograms, allowing an accurate estimation of the DF 
distribution with a maximum RDM* of 0.19 (SNR=10dB). 

Inverse computed DF maps reconstructed during in-
silico AF were more accurate than voltage maps. Non-
invasive estimation of DF maps during AF is feasible and 
may help in procedure planning. 

1. Introduction

Atrial fibrillation (AF) has a great clinical impact in 
morbidity and mortality in developed countries [1]. 
Treatment with antiarrhythmic drugs is not always 
effective and has many secondary effects. These 
limitations have led to the development of new 
therapeutic strategies, such as radiofrequency ablation 
with current success rates in arrhythmia control of 50 to 
80 % [1]. Therefore, radiofrequency ablation is currently 
one of the most widely used in clinical practice and has 
shown to be especially effective in patients with an 
activation frequency gradient when targeting high 
frequency sites [2,3].  

Although electroanatomical cardiac mapping can be 
used to detect stable foci in the atria or to characterize a 
re-entrant pattern during atrial flutter, location of atrial 
sources during AF is more complicated since contact 
mapping is performed sequentially. A non-invasive 
reconstruction of the atrial activation sequence based on 
the recording of multiple simultaneous ECGs may 
overcome this limitation. 

Patterns of activation during atrial arrhythmias 
computed by non-invasive imaging have already been 
reported [4,5]. However, solution of the inverse problem 
could not be validated with epicardial signals.  

Our hypothesis is that non-invasive identification of 
the regions initiating and maintaining AF and, therefore, 
the ablation process targets, is possible by solving the 
inverse problem of the electrocardiography. 

In this article, we aim to validate DF maps computed 
by solving the inverse problem of the electrocardiography 
with epicardial dominant frequency maps generated with 
mathematical AF models at which frequencies in the 
entire atria are known. We will also determine the 
sensitivity to noise of the inverse problem solution in 
terms of their voltage distributions and their DF maps. 

2. Methods

2.1. Inverse problem resolution 

In order to obtain the potentials on the heart surface 
from the potentials recorded non-invasively from the 
torso surface of the patient, we solved the inverse 
problem of the electrocardiography by using the 
Boundary Element Method (BEM).  

According to the BEM formulation [6-9], potentials on 
the surface of the torso can be computed from potentials 
on the heart surface by using (1)-(3):  

bxA 1   (1) 











)()(

)()(
1

mxnTHmxnTH

nxnHHnxnHH

GD

GD
A ,  













H

Hx ,  













TmxmTT

TnxmHT

D

D
b

)(

)(   (2) 

ISSN 2325-8861  Computing in Cardiology 2013; 40:1183-1186.1183



    HTHHHHHTHHTHHTHTTHT DDGGDGGDA   111

      (3) 

where ΦH  is the potential on the surface of the heart, ΦT 
is the potential on the surface of the torso, ΓH is the 
potential gradient of the heart, DXY is the potential transfer 
matrix from point Y to point X, and GXY is the potential 
gradient transfer matrix from point Y to point X. 

The inverse problem can be solved by computing the 
inverse of matrix A (A-1). However, A-1 is ill-conditioned 
and, in order to overcome the ill-conditioned nature of    
A-1, the system needs to be regularized. This 
regularization can be accomplished by using Tikhonov’s 
method, which consists of a minimization problem (4): 
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where t is a regularization parameter that can be obtained 
with the L-curve method and B is the spatial 
regularization matrix which is the identity matrix (zero-
order). Therefore, the inverse problem can be solved by 
using the expression (5): 
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2.2. Inverse problem validation 

Several surface potential distributions were calculated 
by solving the forward problem of the 
electrocardiography, using a spherical model for the atria 
and the torso and a realistic model. Spherical atrial model 
was constituted by 163842 nodes and a radius of 5 cm. 
Realistic atria consisted of 577264 nodes and its size was 
12.5x9 cm [10]. The action potential of each node was 
simulated by using a mathematical model which includes 
ionic currents, pumps and exchangers, and processes 
regulating intracellular concentration changes of Na+, K+ 
and Ca2+ [11]. The whole tissue is described as a 
monodomain model. After discretization of the spatial 
derivatives for an isotropic medium, the evolution of the 
transmembrane voltage of each cell (i.e. Vi for the i-th 
cell) Vi, was controlled by the following first-order, time-
dependent ordinary differential equation: 
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where D describes the diffusion of voltage through the 
medium, Itotal,i summarizes the contribution of all 
transmembrane currents [11], Cm is the transmembrane 
capacitance, and di,j is the distance between neighbor cells 
i and j.  

 Atrial fibrillation in the realistic model was induced 
in-silico by a S1-S2 stimulation protocol. Two S1 
stimulations with a period of 100 ms and a pulse duration 
of 5 ms were applied at either the left superior pulmonary 

veins or the sinus node, depending on the desired pattern. 
A rectangular shape stimulus S2 was applied 70 ms after 
the last S1 stimulus with a duration of 2 ms in the same 
S1 pacing site, inducing the AF. The model incorporated 
an extra potassium current, the acetylcholine (ACh) 
potassium current (IKacg). This current produces a 
shortening in the action potential which favors the 
occurrence of arrhythmic behavior and the presence of 
different activation frequencies [12]. 

Mathematical computations were performed by using 
an adaptive time-step solver on a Graphical Processing 
Unit [13]. Transmembrane potentials were computed for 
a simulation time of 5 seconds after stabilization of the 
model and were resampled to 1 kHz.  

Simulated electrograms (EGMs) (i.e. 2562 signals for 
the spherical model and 5988 signals for the realistic 
atria) were calculated by using transmembrane potentials 
generated by the cellular mathematical model [10]: 
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where  is the distance vector between the measuring 
point and a point in the tissue domain (r is the euclidean 
distance -1 mm-),  denotes the gradient operator, and Vm 
is the transmembrane potential.  

Body surface potential signals were computed on the 
outer surface from EGMs by solving the forward problem 
[6-9]. Specifically, ECGs on a spherical torso model with 
radius 15 cm with 642 nodes and 1280 faces, and on a 
realistic torso model with 771 nodes and 1538 faces were 
estimated [14,15].  

Simulated ECGs with and without added white noise at 
different signal-to-noise ratios (SNR 20 dB, 10 dB) were 
used to reconstruct epicardial EGMs by solving the 
inverse problem as described in section 2.1.   

Frequency analysis was performed by computing the 
power spectral density of all signals by using Welch’s 
periodogram with a Hamming window of 2 seconds and 
50 % overlap, with 4096 FFT points per window. 

Accuracy of reconstructed electrograms was quantified 
by measuring the RDM* and the DF error (mean ± 
standard deviation) both on the reconstructed potential 
maps and on DF maps: 
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where ϕH and ϕH-PI are the values of the potentials or 
dominant frequencies for the original electrograms and 
for the computed electrograms by solving the inverse 
problem of the electrocardiography; n is the number of 
nodes of the atria model. 
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3. Results 

3.1. Sphere model 

In Fig.1, the voltage and frequency reconstructions 
with the spherical model at varying SNRs are depicted. 
With no added noise, inverse computed EGMs allow an 
accurate estimation of propagation dynamics which is 
reflected in a low RDM* value 0.56. However, the 
accuracy of the solution decreases progressively with 
increasing noise levels (RDM* values of 0.99 and 1.05 
for SNRs of 20 and 10 dB respectively).  

DF frequency maps show that 20 % of the sphere 
(which harbors a dominant rotor) is activated at a 
frequency of 21.5 Hz whereas the remaining 80 % of the 
sphere was activated at a frequency of 14 Hz. With no 
added noise DF map can be estimated with almost no 
error (RDM* equal to 0.02 and 0.01 Hz mean DF error). 
Accuracy decreased slightly with increasing added noise 
levels, but in this case the accuracy is higher and less 
sensitive to noise than in the voltage domain (RDM* 
equal to 0.06 and 0.09 for SNRs of 20 and 10 dB 
respectively and DF errors of 0.14 and 0.26 Hz). 

 
3.2. Realistic model 

DF maps computed for the realistic atrial and torso 
models are depicted in Fig.2. Resulting AF patterns were: 
(1) AF generated by a rotor located in the left atrium 
(LA), with a DF of 12.25 Hz in the LA and 8 Hz in the 
RA, (2) AF generated by a rotor located in the RA, with a 
DF of 12.25 Hz in the RA and 8 Hz in the LA and (3) AF 
generated by a rotor located in the LA with no DF 
gradient (12.25 Hz both in the RA and LA). Errors in 
estimation of the DF map with added noise at a SNR of 

10 dB was 1.00±1.71 Hz, 0.79±1.62 Hz and 0.10±0.12 Hz 
for models 1, 2 and 3 respectively. Measured RDM* 
values of the frequency maps in the realistic model were 
0.19, 0.17 and 0.01, however, RDM* values of the 
potential distribution were 1.40, 1.43 and 1.43, 
respectively. Dominant frequency maps were accurately 
reconstructed and the case with no frequency gradient 
was correctly identified. 
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Figure 1: Inverse problem resolution for the model of 
concentric spheres at different SNRs (Aitoff cartographic 
representation). Panel A, examples of voltage maps for 
the EGMs computed from the transmembrane potentials, 
surface potentials (ECGs) and inverse computed EGMs 
(IC-EGMs). Panel B, DF maps.  
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Figure 2: DF maps reconstructed by the inverse problem resolution for 10 dBs signal-to-noise ratios in a realistic torso 
model. Panel A, AF generated by a rotor located in the LA, with a frequency of 12.25 Hz in the LA and 8 Hz in the RA; 
Panel B, AF generated by a rotor located in the RA, with a frequency of 12.25 Hz in the RA and 8 Hz in the LA; Panel C, 
AF generated by a rotor located in the LA, without a frequency gradient with 12.25 Hz in the RA and in the LA.   
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4. Discussion and conclusion 

In the present study, noninvasive reconstruction of the 
frequency map in the atria was validated by using 
mathematical models and the inverse problem of the 
electrocardiography.  

Mathematical simulations were used to quantify the 
accuracy of reconstructed activation sequences. By using 
this detailed ionic model of the atria, different clinical 
scenarios could be simulated (i.e. AF maintained by 
functional rotors at different locations and with different 
DF patterns) and could be used to evaluate the accuracy 
of the inverse problem resolution, to estimate propagation 
patterns and frequency maps, and to clarify the relation 
between epicardial propagation patterns and its 
representation on the torso [3]. 

This work validated the non-invasive location of the 
dominant frequency maps which may be useful for 
planning an ablation procedure in atrial fibrillation 
patients. During the last years, different groups have 
developed and tested the methodology to noninvasively 
reconstruct the epicardial activation sequence during 
atrial fibrillation in the time domain [5], however, a non-
invasive frequency map during AF is a new technique 
which needed to be validated. This study showed how 
frequency maps were accurately reconstructed for 
different AF patterns, locating the dominant frequency 
regions and detecting when there is no frequency 
gradient. Estimation of DF maps has also shown to be 
less sensitive to noise than estimation of propagation 
patterns based on measured voltages and thus more robust 
for detecting electrical sources during AF. 

This method demonstrated to be a promising tool for 
the non-invasive mapping of the frequency maps during 
atrial fibrillation and may help in planning ablation 
procedures. 
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