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ABSTRACT AND KEY WORDS

Unfortunately many of the numerous algorithms fomputing the cdf and noncentrality
parameter of the noncentialand beta distributions can return completely irecirresults as
demonstrated in the paper by examples. Existingrdéiigns are scrutinized and those parts
that involve numerical difficulties are identifieds a result, a pseudo code is presented in
which all the known numerical problems are resolvétdis pseudo code can be easily
implemented in programming language C or FORTRANheut understanding the
complicated mathematical background.

Symbolic evaluation of a finite and closed formidgroposed to compute exact cdf values.
This approach makes it possible to check quicklg aeliably the values returned by
professional statistical packages over an extraardy wide parameter range without any
programming knowledge.

This research was motivated by the fact that a mssful table for calculating the size of
detectable effects for ANOVA tables contains suspis values in the region of large
noncentrality parameter values compared to theegalobtained by Patnaik's 2-moment
centralF approximation. The reason is identified and thereztted form of the table for
ANOVA purposes is given. The accuracy of the appnations to the noncentr&-
distribution is also discussed.

Keywords. minimal detectable differences, ANOVA, noncentyalparameter, centrdf-
approximations to noncentrg| recursive algorithms, symbolic computation

1. INTRODUCTION

Power, size of detectable effects and sample sikilations for ANOVA tables involve the
computation of the noncentritdistribution or its noncentrality parameter [seg.Johnson
and Leone (1977)]. Tables, charts, and computegrams are available to perform these
computations; furthermore, numerous approximattortte noncentrdf-distribution exist. A
thorough overview and several references can badfguchapter 30 of the book of Johnson,
Kotz and Balakrishnan (1995), pp. 488-495. Subssigwemputer programs were also
published: Chattamvelli and Shanmugam (1997), Oib@97), Tiwari and Yang (1997).
Major modern statistical software packages offex type of calculations.

The most useful and pioneering tables by LorenzehAnderson (1993, Appendix 12, pp.
374) give detectable differences for general ANOWdels belonging to a specified

probability of error of second kind, based on clttans with noncentraF-distribution. As
some of the table entries seem to be suspiciogy, lave been compared to the values
obtained by Patnaik’s (1949) 2-moment cenkEapproximation and it is found that the table
entries differ by orders of magnitude in the regidtarge noncentrality parameter values.
Many authors reported that one or more of the ¥ahg problems can occur during the
computations: underflow and overflow problems [H&lis1 and Ritcey (1985), Ding (1997),
Benton and Krishnamoorthy (2003)], round-off ertieat may introduce large relative error
into the result [Frick (1990)], drastically incr&ag computation time and / or hanging up
[Chattamvelli (1995), Benton and Krishnamoorthy q2J], instability due to numerical
cancellation [Kntsel and Bablok (1996)]. These daatotivated to scrutinize and find the
critical points of the algorithms for computing thaantiles and the noncentrality parameter
of the noncentralF-distribution as well as to study the accuracyh& approximations. Only
sparse tables can be found for ANOVA purposesndiing obtainable with difficulty, so it
is desirable to correct here Appendix 12 of Lorenaad Anderson (1993), pp. 374. For
simplicity, the latter table will be referred to ‘dise table”.



The cdf F(w,»,v,,4) of the noncentraF-distribution with v;, v, degrees of freedom and
noncentrality parametef and the cdfl, (a,b4 )of the noncentral beta distribution with
shape parametersa and b and noncetrality parameteri are related by
F(ww,v,A) =1, (abi), wherea=v,/2, b=v,/2 and x =vw/(vw+v,) hold. Since easier

to read formulae are yielded by the noncentral lbBstribution, and the noncentr&
distribution can be easily computed by using thevaliransformation of parameters, only the
algorithm for the noncentral beta distribution &sdribed. Furthermore, all three commonly
used noncentral distributions (chi-squdfeandt) can be computed in a manner analogous to
that of the noncentral beta discussed below, silyits proposed bg.g. Knlusel and Bablok
(1996), Ding (1999), Benton and Krishnamoorthy 00

2. ALGORITHMSPROPOSED IN THE LITERATURE

2.1 Computing the cdf
The incomplete noncentral beta function rdtj¢a,b; 4 is Hefined as

| (a7) = ie_m(“z) | (a+i,b), L)

i=0
wherel,(a,b)is the usual incomplete beta function ratio,
| (ab) = T(a+b)

2 (-t)""dt,
I'(a)l'(b)l Y
(@) is the (complete) gamma function

M(a)= J'ta‘le‘tdt; a>0,
0

and0<x< 1, a>0, b>0, 120 [Johnson, Kotz and Balakrishnan (1995)].

The trivial casesx= px=1, 1=0 are neglected. Let the Poisson multipliers in l§&)
denoted byp =e*'?(4/2)'/i! (fori =0, 1, ...). Lete denote a user defined small positive
real numbere.g. ¢ =10° may be a good choice.

Let k, =0 if p,=e*'?>¢ else letk, be the greatest integer satisfying

k-1
zpisg’ (k=21), (2)
i=0

and letk, be the lowest integer satisfying

Sp<e. 3)

i=k, +1

Performing the summation in (1) between indiggsand k, approximated, (a,54 )with an
absolute error less that: , since

<3l a+ib) -3 pl,(a+i) = @

= p J(a+ib)+ Zpllx(a+|b)<2p +Zp|<23

i=k,+1 i=k,+1



2.1.1 Overflow and underflow problems

For large values of the noncentrality parameteg, fitst terms in (1) have to be omitted in

order to avoid underflow (while computing*’?) or overflow (while computing4/2)" i/)!

problems, and to reduce the round-off error andprdation time. For example, the algorithm
of Norton (1983) or Lenth (1987) is exposed to awederflow problems because they start
the summation always at= .0t seems as if not omitting the first terms wimertessary was
the problem during the computation of Table 12 ofdozen and Anderson (1993) since the
table entries corresponding to noncentrality patarmsegreater than 107.5 all correspond to
exactly 107.5 whereas the other entries are coupd at least 3 significant digits. (The
authors regret to criticise an in all other aspestsellent book, from which they learned a
lot.)

2.1.2. Cancellation problems in recursive algorigim
Lenth (1987) pointed out that significant reductminthe computation time is achievable if
the following recurrence formulae are used to dateuthe terms in (1) recursively

e—)v/Z(i/Z)iﬂ _ (1/2) E?—A/Z(Alz)i
(i +2)! i+1 il ’

i=0,1,...;

r(a+b)

l.(a+1b)= Ix(alb)_m

X2 (1-X)°, and (5)

MNa+) =al(a).

Cancellation may occur if recurrence relationsh) i used. According to Knusel and
Bablok (1996, pp. 1229), algorithms (namely theoatgm of Frick (1990) and Lenth (1987))
performing the summation in (1) forward £ k, k +1, ..., k,) are “instable due to
numerical cancellation and the relative error canip@ kept under control”. Wang and
Kennedy (1995) also reported cancellation in thevéed case (only partially in (5) and not
severe). Avoiding cancellation problems can be gniged by using the following expression
instead of equation (5)

r(a+b)

| (a,b) = |x(a+lb)+m

X (L= x)° (6)

and perform summation in (1) backward=(k,, k, -1, ..., k), similarly to as proposed by
Knusel and Bablok (1996).

Numerical instability or severe cancellation has lbeen observed during the computation of
the table using forward summation. Furthermore,aimors have not been able to create an
example using practically reasonable parametergyfily: cdf values = 18...1, v, =1..50

Vv, =1..1000) where serious cancellation occurs. The incorralites of the table of Lorenzen
and Anderson seem to be caused by overflow erralready stated above.

2.1.3 Round-off error

In order to avoid the under/overflow problems caubg starting the summation always at
i =0 several authors suggest [Guirguis (1990), Posit8f3), Chattamvelli and Shanmugam
(1997), Benton and Krishnamoorthy (2003)] startirgn an index approximately equal to
Al12 and then work outward (increasing and decreagingote that cancellation may occur
whenever (5) is used in the forward iteration #etcording to Henrici ((1982); pp. 8-10,



Demonstration 1.2-2), the outward summation iswbest way in a numerical sense because
the terms to sum are (mainly) in decreasing ordée most accurate results could be
achieved by the opposite inward technique at tipeese of calculating two different starting
terms (atk, andk,), however the authors failed in finding such psiféid algorithm.

Numerical tests using double-precision variable$ 6&) on a 32 bit machine have been
carried out by the authors in order to study thedince between the outward and the inward
technique. The relative error of the used auxiliafgorithms (not more than 8 correct
significant digits) is several orders of magnitugteater than the round-off error introduced
during the summation (less than 2000 iteration sstepen for the largest noncentrality
parameter values) and therefore totally covershepdifference mentioned. As a conclusion,
the order of summation is a non-issue with theemirdesktop machines if double precision
(64 bit) variables are used. However, it may beissue with source codes using single-
precision variables (32 bit or less), for examples tmay occur if a FORTRAN code with
variables of type real is used (as downloaded fitmeninternet)E.g. the inaccurate values by
Chattamvelli and Shanmugam (1997) in Table 2 ofiSeet seem to be caused by round-off
error. Details of their computation are not knowawever.

2.2 Computation of the noncentrality parameter

Given x, a, b and £, a numerical root-finding procedure is applieddtve

I, (&b,2) =B (7)
for 4.
2.2.1 Bisection and Newton iteration
The trivial casesx= @r x=1and / or1 = Oare neglected. The following results can be
derived from the book of Johnson, Kotz and Baldkras (1995) pp. 498 and / or Guirguis
(1990). The derivative of the cdf with respectitas

%Ix(a,b;ﬂ):%(Ix(aﬂ,b;l)—Ix(a,b;i)). (8)

The derivative in (8) is negative, dg(a,b;4 i3 a decreasing function of. There is no
solution of (7) if 1 (a,b)<p holds becausel (ab;1)<I, (ab ,)and the trivial case
I, (a,b) =g has the unique solutioh= . Eor a fixedx, a andb

lim 1, (a,b;2) = 0.

Thus, if I (a,b) > g for given x, a, b, g then there is a unique solution of (7) for If
l,(&b)>p holds and the root is bracketed [similarly to @®posed by Narula and

Weistroffer (1986)] then the above-mentioned moniity property in 2 guarantees the
convergence of the bisection method.

The Newton iteration is usually more efficient thhisection. The 2-moment cential-

approximation of Patnaik (1949) or the normal agpmation of Severo and Zelen (1960)
provides good starting values for the Newton iteratfor the computation of the table,
convergence is achieved in a few iteration stepsdch entry.

2.2.2 Cancellation

Guirguis used directly the analogue of (8) in tlemcentralF case to compute the derivative
of the cdf with respect tol, evaluating the noncentréd cdf twice in each Newton step.
Cancellation can occur when applying (8) direcsydane by Guirguis and as a consequence
this may result in the unreliability of the methofls discussed in the next subsection,
summation can be avoided by using recursive alyost



2.2.3 Reliability and efficiency issues with recuesalgorithms

Ding (1997) pointed out that the computational aééincy of the Newton method can be
greatly enhanced by eliminating the cdf evaluationg), and computing the derivative and
the cdf simultaneously in the same iteration lonptead. This concurrent computation is
realized by making use of the following rearrangetrcd (8) and (1)

% | (ahl) = %ZE’ME#U (a+1+ib) -1 (a+i,b)),

i=0

and the value of the factor,(a+1+i,b)—1,(a+i,b has already been calculated for the

recursive computation of incomplete beta functiatior dictated by (6) in the same iteration
step as the Poisson weight (see also Step 5 iprtposed algorithm below). Note that this
approach not only avoids the direct use of (8) tnug the cancellation as well, but it is also
more efficient.

TABLE 1
Comparison of algorithms for the computation of noncentral F / beta distribution
regarding reliability and efficiency issues

Algorithm Exposed to over- Exposed to Recursive Iteration for Summation
or underflow cancellatiod lambda

Norton (1983) yes no no no forward
Lenth (1987) yes yes yes no forward
Frick (1990% and o os ; q
Lam (1995) y! yes no orwar
Guirguis (1990) no yés no yes outwart
Wang and
Kennedy (1995) yes yes yes no forward
Chattamvelli and
Shanmugam no yes yes no outwatd
(1997)
Tiwari and Yang
(1997) yes yes yes yes forward
Ding (1997) no yes yes yes forward
Proposed in Sec. 3 no no yes yes backward

Implemented in R (The R Project for StatistiCaimputing — free and multiplatform software enmirgent)
Self-validating method

Backward summation and non-recursive algoritfonghe cdf are not exposed to cancellation

Only for the derivative of the cdf with respéztiambda

The worst in numerical sense, can cause inacgun single precision arithmetic

abhwWwNPRE

3. THE PROPOSED ALGORITHM

Given x, a, b and prob, the goal is to solvd,(a,b,4) = prob for 2. The proposed

algorithm is similar to the algorithm of Ding (199But considering that cancellation may
occur using (5), the summation in (1) is carried backward using (6). In order to avoid
underflow and overflow errors, the first terms=(0, 1, ...,k —1) are neglected if necessary.
The trivial casesx= Q0or x=1 and / or A= 0 are not discussed, neither the case
|, (a,b) < prob when there is no solution. Variables should belated as double precision

variables (at least 64 bit).



3.1. Auxiliary algorithms

The computation of the noncentral beta cdf accgrdio (1) requires significant digit
computation of the Poisson and the central betaildlisions. The accuracy of the applied
auxiliary algorithms obviously restricts the acayeof the finally computed results. All
auxiliary algorithms should use double-precisionalaes (at least 64 bit).

3.2. Input data
These data are, a, b, 4,, ¢, prob, N__., 6. When solvingl, (a,b; ) = prob for 1, the
values ofx, a, b, prob are known; an initial guesg must be obtaineat.g.the 2-moment

centralF approximation of Patnaik (1949) or the normal agpnation of Severo and Zelen
(1960) is applicable. The user must specify theimam tolerated absolute error of the cdf
values during the inner computations, wherés half of that error value. An absolute bound
on the error of the derivative of the cdf with respto 1 is ¢. The user specified is the
maximum tolerated relative error df. The maximum number of the Newton iteration steps
are N__ , user specified.

max’?

3.3. Output datum

The output datum is the noncentrality parameteiWhen estimating the total error of the
result bothe and 6 must be considered, as well as the accuracy ohpipdied auxiliary
algorithms.

3.4. Pseudo code
The assignment operator is denoted by “=" here (beaglenoted by= or — in some other
papers).Beta x,a,b) denotes the probability density function of théaldistribution with

shape parameteis andb.

Stepl. 4.,=4-
Step 2. Repeat steps 3 through 7, times.
Step 3. Calculate the greatéstand the lowesk, such that (2) and (3) hold.
Step 4. Initializations.
Step 4.1. k =Kk,
Step4.2. 1= A,
Step4.3. u=41 /2
Step4.4. c=1,(a+k,b)
Step 4.5. d =x(1-x)/(atk-1[Betax,a+k—-1b)
Step 4.6. p=e“u*/k !
Step 4.7. f =plc
Step4.8. p=k/ulp
Step 4.9. g = pld
Step 5. Fok=k,-1, k,-2, ..., k;, do steps 5.1 t0 5.5.
Step 5.1. c=c+d
Step 5.2. d =(a+k)/(x[(a+k+b-1)[d
Step5.3. f =f +plc
Step5.4. p=k/ulp
Step 5.5. g=g+ pld



Step 6. IfA+2(f - prob)/g< Qthen4i,, =4 /2 otherwise/,, = 1+2(f — prob)/g
Step 7. If4,,,~ 4 <J &, then output/,,, and exit.
Step 8. Output the error message: ‘Iteratiomaiticonverge inN,.., steps’.

new

3.5. Notes
For computing the cdf only, skip steps 1, 2, 4.2, 8.5, 6, 7, 8; the cdf value is the value of
f obtained in the last evaluation of step 5.3.

The startingk, and stoppingk; indices of the summation are computed in advante an
auxiliary algorithm, it is not the most effectiveaw

Note that the above algorithm can only guaranteatsolute bound: on the error of the
derivative (asO<|I (a+ib)-1(a+i+1b)< 1lholds, a similar estimation to (4) can be

fulfilled). Fortunately, it did not cause instabjlior any other problem during the computation
of the table.

4. FINITE EXPRESSION FOR COMPUTING THE CDF

For integetb values, Sibuya (1967) showed that

|X(alb;i)=e—(i/Z)(l—X)iw|X(a+i,b—i)' (9)

and Singh and Relyea (1992) obtained

| (a,b) = xa(1+ i(ﬂ a+rr:"1j(1— x)”j . (10)

From (9) using (10) it follows that

| (abi) = Zw( (1+ me}l )D an

i=0 I n=1 m

First, the finite and closed expression (11) islet&d symbolically, and then arbitrary
number of significant digits of the exact resulihdae computed (called “correct value”
henceforth). To the authors’ best knowledge this tas/not been followed in the literature.

Numerical example

A table published by Chattamvelli and Shanmugan®T)l¥tended partly to prove that their
algorithm gives more precise results than Frickipathm at large4 values. Their table is
reproduced in Table 2 and supplemented by a columawiag the correct results computed
from equation (11). The proposed algorithm of Sec8agives identical results to the correct
values up to 7 significant digits.

The correct values contradict the conclusion of @natelli and Shanmugam (1997) that
their algorithm gives more precise results thaeksialgorithm at largel values. If1> 54
the algorithm of Chattamvelli and Shanmugam uséwand summation which is the worst in
numerical sense, and may cause inaccuracy, edgesiaén single-precision arithmetic is
used (see also subsection 2.1.3). As ChattamvedliShanmugam give no sufficient details
about their calculation, the reason of inaccuramynot be identified. On the other hand, there
is no doubt about that their algorithm may be athg@ous considering the terms of the
number of iterations.



TABLE 2

CDF of the non-central beta random variable*

a b A X Result for the following algorithms:
Frick (1990¥ Lenth (1987  Chatt. (19973°  Correct®

5 5 54  0.8640 0.4563026 (7) 0.4563029 (6)  0.4563021 (5) 0.4563026
5 140 0.9000 0.1041342 (6) 0.1041331 (5) 0.10418B7 ( 0.1041335

5 5 170 0.9560 0.6022421 (6) 0.6022414 (5)  0.60228p3 ( 0.6022422
10 10 54  0.8686 0.9187790 (6) 0.9187794 (6) 0.9187%y0 0.9187791
10 10 140 0.9000 0.6008050 (5) 0.6008078 (5)  0.60083p6  0.6008071
10 10 250 0.9000 0.0902795 (3) 0.0000006 (0)0.0902850 (4) 0.0902899
20 20 54  0.8787 0.9998677 (7) 0.9998677 (7)  0.99986p5 0.9998677
20 20 140 0.9000 0.9925930 (4) 0.9925973 (5)  0.992%8p7  0.9925975
20 20 250 0.9220 0.9641169 (5) 0.0000006 (00.9641113 (4) 0.9641191

[¢)]

The number of correct significant digits isegiMn parentheses.

The values are from TABLE 1 of Chattamvelli &ttanmugam (1997).
Algorithm of Chattamvelli and Shanmugam (1997).

Result of the symbolic computations, given wittlecimal places.

The proposed algorithm of Section 3 gives idahtesults.

Caused by underflow error, see subsection 2.1.1

O WNEF

The symbolic computations have been performed uSemgve™ 5.04 (Texas Instruments).
Calculation of the incomplete beta function rato integerb values according to (10) is far
more effective than using the built-in INCOMPLETE_BETAdtion. Equation (11) can be
evaluated not only symbolically but also using mé arithmetic €.g.in C-XSC, see Klatte,

Kulisch, Wiethoff, Lawo and Rauch (1993)], which yn@quire less computation time and
memory.

5. THE CORRECTED TABLE AND DISCUSSION OF APPROXIMATIONS

For computing the table, Newton method is appledalve |, (a,b;1) = for i, where
=010, x equals to thea= 095quantile of the beta distribution with parameters

a=v, /2, b=v,/2. The § =,/Alv, values are listed in the table as the functiongfv,.

Table 3 is the corrected form of Appendix 12 of lmen and Anderson (1993),
supplemented with an additional row, wherg=c [Johnsonet al. (1995, pp. 487)]. This
additional row is calculated with the Power Anadysiodule of STATISTICA 6.1 (StatSoft,
Inc. 1984-2003). The rest of the table is calculabgdthe proposed algorithm coded in
Statistica Visual Basic. Some cells of table haeerbchecked with the above-mentioned

finite and closed expression and also with the Podwlysis module of Statistica, there is
good agreement (at least 6 significant digits).
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TABLE 3
Table of minimal detectable differences!

Table of minimal detectable differencés= 1/(ﬂYi/a for a fixed factor or interactiod in a
general design; probability of the type | and tyjperrors are 0.05 and 0.10 respectivaelyis
obtained by dividing the table entry b&E whereC = coefficient in the expression of the

. = . .
expected mean square (EMS) precedtlb(g’ ) = z —, with a, the effect of factoly at its
= I~
i-th level,r the number of levelsg? is the variance in the denominator of Eheest statistié.

df numerator

de?\]:)m 1 2 3 4 g 6 10 2( 50
1 20.9¢ 23.26 24.14 24.64 24.9p 25.14 25.57 25.8p 26.0¢

2 6.79¢ 6.710 6.68 6.664 6.65p 6.65 6.642 6.633 6.62¢
3 5.014 4.630 4.474 4.39( 4.33p 4.294 4.221 4.15P 4.121
4 4.39¢ 3.900 3.691 3.574 3.50p 3.45( 3.334 3.250 3.193
5 4.092 3.538 3.301 3.166 3.07p 3.019 2.886 2,777 2.707

6 3.91 3.32¢4 3.06¢ 2.921 2.82p 2.75] 2.604 2.48p 2.404
7 3.791 3.183 2.914 2.759 2.656 2.583 2.423 2.28[ 2.191

g 3.712 3.084 2.804 2.644 2.53p 2.45¢ 2.284 2.14p 2.044
10 3.604 2.953 2.66] 2.489 2.37p 2.297 2.107 1.944 1.837
12 3.536 2.871 2.57( 2.392 2.27p 2.18¢ 1.98¢ 1.8141 1.69(
14 3.489 2.815 2.504 2.325 2.20p 2.117 1.907 1.721 1.58¢
16 3.455 2.774 2.464 2.274 2.150 2.05¢ 1.84¢ 1.65p 1.51(
18 3.429 2.743 2.428 2.234 2.111 2.017 1.80( 1.598 1.444
20 3.409 2.718 2.401] 2.21( 2.08p 1.984 1.762 1.554 1.39¢
22 3.393 2.698 2.374 2.184 2.054 1.957 1.732 1.51p 1.357
24 3.38 2.682 2.36] 2.166 2.038 1.934 1.707 1.48P 1.324
26 3.368 2.669 2.344 2.15( 2.01p 1.917 1.68¢ 1.464 1.297
2§ 3.359 2.657 2.333 2.136 2.001L 1.901 1.667 1.44p 1.264
3( 3.351 2.647 2.32% 2.124 1.98B 1.884 1.652 1.428 1.2472
4Q 3.322 2.613 2.283 2.082 1.944 1.84] 1.597 1.35p 1.19
60 3.295 2.580 2.244 2.042 1.90p 1.794 1.542 1.28f 1.07(¢
8( 3.281 2.563 2.227 2.022 1.878 1.774 1.511 1.25p 1.024
10d 3.278 2.554 2.214 2.01( 1.86p 1.754 1.49¢ 1.231L 0.992¢
200 3.25¥ 2.534 2.194 1.98¢ 1.84p 1.73] 1.466 1.18(7 0.929
500 3.248 2.523 282 1.972 1.82p 1.714 1.44¢ 1.16L 0.8894
100( 3.24b 2.519 2.17¢ 1.967 1.82p 1.704 1.434 1.15p 0.8754
Y 3.247 2.51p 2.173 1.964 1.81p 1.704 1.433 1.148 0.861

1 With reference to the incorrect values of thgioal table please see subsection 2.1.1
2 Please consult the book of Lorenzen and Andgis@®3) pp. 108 for illustrative examples.

Applicability of approximations
The bias caused by a particular approximation shboeldjuantified by the realized type Il
error probabilities. Giverv;, v, and thea = 095quantile of theF distribution F,y, the

equation IE(FOQS,vl,vz,I): 010 is solved for 4 with bisection, whereF denotes the

approximating function to the cdf(w,v;,v,,4) of noncentralF distribution (normal
approximation of Severo and Zelen (1960), or 2-mdnsentralF approximation of Patnaik
(1949), respectively; the corresponding formulae lba found in Johnsoet al. (1995), pp.
491-495). Evidently, ifF was not an approximating function thdfr(Fo%,vl,vz,Z) would
yield the specifieds = 0. 100@alue. Table 4 shows the realized values of the tiprrors if

approximations are used. These results are in ggestment with Tiku's conclusion (1966).
The accuracy of the studied approximations is satiefy for ANOVA purposes.
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TABLE 4

Realized typell error probabilities

The realized type Il error probabilities if the nentrality parameter is computed with
approximation to the noncentr&l distribution, as compared with the value 0.1 dHjexti
Type | error probability is specified as 0.05.

Approximation of Approximation of
Severo and Zelen (1960) Patnaik (1949)
df numerator df numerator
df denom 1 5 50 df denon. 1 5 50
1] 0.1042 0.1043 0.1043 1 0.1000 0.1000 0.1000
2| 0.1024 0.1022 0.1023 2 0.1007 0.1000 0.1000
10| 0.1125 0.1030 0.1005 100.1126 0.1028 0.1001
20 0.1158 0.1049 0.1004 200.1158 0.1048 0.1002
100( 0.1187 0.1072 0.1007, 1000.1186 0.1070 0.1007
1000{ 0.1194 0.1079 0.1011 10000.1193 0.1077 0.1010

6. CONCLUSIONS
The studied recursive algorithms for computing ttieand the noncentrality parameter of the
noncentraF and noncentral beta distributions involve a carsaimmation. The major source
of difficulties is that the first terms must be tesgied if the noncentrality parameter is large
otherwise underflow or overflow errors can occuracBwvard recursion guarantees the
avoidance of cancellation, however serious canoatiaor instability has not been observed
with forward recursion. The iterative computation the noncentrality parameter using
Newton method can be made more efficient, makirggaighe fact that the cdf and its first
derivative can be computed simultaneously in theesateration loop. Taking all these
guidelines into consideration a new algorithm hesrbdeveloped.
A finite and closed formula is derived for symbokalculations. This formula enables
studying the accuracy of different algorithms gasih example is given in this paper.
The corrected form of the table for ANOVA purpossgyiven; it seems as if the problems
with the original one were caused by overflow (oderflow) error.
Patnaik’s 2-moment centr&l-approximation and the normal approximation by $ewnd
Zelen are compared: the accuracy of these apprdiwinsais satisfactory for ANOVA
purposes. Both of these approximations provide gaading values for Newton’s iterative
computation of the noncentrality parameter.
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