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A (k, t)-track layoutof a graphG consists of a (proper) vertext-colouring ofG, a total order of each vertex colour
class, and a (non-proper) edgek-colouring such that between each pair of colour classes no two monochromatic edges
cross. This structure has recently arisen in the study of three-dimensional graph drawings. This paper presents the
beginnings of a theory of track layouts. First we determine the maximum number of edges in a(k, t)-track layout,
and show how to colour the edges given fixed linear orderings of the vertex colour classes. We then describe methods
for the manipulation of track layouts. For example, we show how to decrease the number of edge colours in a track
layout at the expense of increasing the number of tracks, and vice versa. We then study the relationship between
track layouts and other models of graph layout, namely stack and queue layouts, and geometric thickness. One of our
principle results is that the queue-number and track-number of a graph are tied, in the sense that one is bounded by a
function of the other. As corollaries we prove that acyclic chromatic number is bounded by both queue-number and
stack-number. Finally we consider track layouts of planar graphs. While it is an open problem whether planar graphs
have bounded track-number, we prove bounds on the track-number of outerplanar graphs, and give the best known
lower bound on the track-number of planar graphs.
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1 Introduction
In its simplest form, atrack layoutof a graph consists of a vertex colouring and a total order on each
colour class, such that there is no pair of crossing edges between any two colour classes. The purpose
of this paper is to develop the beginnings of a theory of track layouts. Our focus is on methods for
the manipulation of track layouts, and the relationship between track layouts and other models of graph
layout. We consider undirected, finite, and simple graphsG with vertex setV(G) and edge setE(G). The
number of vertices and edges ofG are respectively denoted byn = |V(G)| andm= |E(G)|.

A vertex|I |-colouringof a graphG is a partition{Vi : i ∈ I} of V(G) such that for every edgevw∈E(G),
if v ∈ Vi andw ∈ Vj then i 6= j. The elements ofI arecolours, and each setVi is a colour class. The
chromatic numberof G, denoted byχ(G), is the minimum numberk such thatG has a vertexk-colouring.

Consider a vertexI -colouring{Vi : i ∈ I} of a graphG. Suppose that<i is a total order on each colour
classVi . Then each pair(Vi ,<i) is a track, and{(Vi ,<i) : i ∈ I} is an|I |-track assignmentof G. To ease
the notation we denote track assignments by{Vi : i ∈ I} when the ordering on each colour class is implicit.

An X-crossingin a track assignment consists of two edgesvwandxysuch thatv,x∈Vi , w,y∈Vj , v<i x
andy < j w, for distinct coloursi and j. An edge k-colouringof G is simply a partition{Ei : 1≤ i ≤ k}
of E(G). A (k, t)-track layoutof G consists of at-track assignment ofG and an edgek-colouring of
G with no monochromatic X-crossing; that is, edges of the same colour do not form an X-crossing. A
graph admitting a(k, t)-track layout is called a(k, t)-track graph. The minimumt such that a graphG is
a (k, t)-track graph is denoted bytnk(G).

(1, t)-track layouts (that is, with no X-crossing) are of particular interest due to applications in three-
dimensional graph drawing (see below). A(1, t)-track layout is called at-track layout. A graph admitting
a t-track layout is called at-track graph. Thetrack-numberof G is tn1(G), simply denoted bytn(G). Du-
jmović et al. [26] first introduced track layouts and track-number, although similar structures are implicit
in many previous works [32, 39, 40, 50].

The graphs that admit 2-track layouts are easily characterised as follows, where acaterpillar is a tree
such that deleting the leaves gives a path, as illustrated in Figure 1.

Lemma 1. [37]A graph has a2-track layout if and only if it is a forest of caterpillars.

Fig. 1: A 2-track layout of a forest of caterpillars.

Table 1 summarises the known bounds on the track-number.
Part of the motivation for studying track layouts is a connection with three-dimensional graph drawings.

A three-dimensional straight-line grid drawingof a graph, henceforth called a3D drawing, is a placement
of the vertices at distinct points inZ3 (calledgridpoints), such that the line-segments representing the
edges are pairwise non-crossing. That is, distinct edges only intersect at common endpoints, and each
edge only intersects a vertex that is an endpoint of that edge. Thebounding boxof a 3D drawing is the
minimum axis-aligned box containing the drawing. If the bounding box has side lengthsX− 1, Y− 1
andZ− 1, then we speak of anX×Y×Z drawing withvolume X·Y ·Z. That is, the volume of a 3D
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Tab. 1: Upper bounds on the track-number.

graph family track-number reference
n vertices n trivial
m edges 15m2/3 Dujmović and Wood [28]
m edges, max. degree∆ 14

√
∆m Dujmović and Wood [28]

noKh-minor O(h3/2n1/2) Dujmović and Wood [28]
genusγ O(γ1/2n1/2) Dujmović and Wood [28]
tree-widthw 3w ·6(4w−3w−1)/9 Dujmović et al. [26]
tree-widthw, max. degree∆ 72∆w Dujmović et al. [26]
queue-numberk, acyclic chromatic numberc c(2k)c−1 Dujmović et al. [26]; see Theorem 2
queue-numberk 4k ·4k(2k−1)(4k−1) Theorem 8
path-widthp p+1 Dujmovíc et al. [26]
band-widthb b+1 Lemma 17
series-parallel graphs 15 Di Giacomoet al. [21]
Halin 8† Di Giacomo and Meijer [23]
X-trees 6† Di Giacomo and Meijer [23]
outerplanar 5† Lemma 22
1-queue graphs 4 Theorem 11
trees 3 Felsneret al. [32]

drawing is the number of gridpoints in the bounding box. Minimising the volume in 3D drawings is a
widely studied problem [15, 18, 19, 20, 22, 23, 26, 28, 32, 38, 47]. The following general bounds are
known for the volume of 3D drawings in terms of the track-number. Other papers to employ track layouts
in the production of 3D drawings include [20, 23, 28, 32, 38].

Theorem 1. [26, 28]Let G be a c-colourable t-track graph with n vertices. Then

(a) G has aO(t)×O(t)×O(n) straight-line drawing withO(t2n) volume, and

(b) G has aO(c)×O(c2t)×O(c4n) straight-line drawing withO(c7tn) volume.

Moreover, if G has an X×Y×Z straight-line drawing then G has track-numbertn(G)≤ 2XY.

The purpose of this paper is to present fundamental results in the theory of track layouts. In Section 2.1
we show how to colour the edges of a track assignment to obtain a track layout. In Section 2.2 we answer
the extremal question: what is the maximum number of edges in a(k, t)-track layout? Section 3 presents
methods for manipulating track layouts. In particular, we show how to ‘wrap’ a track layout. This process
can be used to produce a track layout of a graph given track layouts of its biconnected components.
Section 4 studies the tradeoff between the number of tracks and the number of edge colours in a track

† A track layout that allows edges between consecutive vertices in a track is called animproper track layout[26]. This concept, in
the case of three tracks, was introduced by Felsneret al. [32], who proved that every outerplanar graph has an improper 3-track
layout. It is easily seen that the tracks can be ‘doubled’ to obtain a (proper) 6-track layout [26]. Lemma 22 improves this bound
to 5. Similarly, Di Giacomo and Meijer [23] proved that X-trees have improper 3-track layouts, and Halin graphs have improper
4-track layouts. Thus X-trees have (proper) 6-track layouts, and Halin graphs have (proper) 8-track layouts.
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layout. In Sections 5 and 6 we explore the relationship between track layouts and other models of graph
layout; in particular, stack and queue layouts in Section 5, and geometric thickness in Section 6. One
of our main results is that track-number is tied to queue-number. As corollaries we prove that acyclic
chromatic number is bounded by both stack-number and queue-number. In Section 7 we prove bounds on
the track-number of outerplanar graphs, and prove the best known lower bound on the track-number of
planar graphs. Section 8 concludes with some open problems regarding the computational complexity of
recognising(k, t)-track graphs. Note that a number of results in this paper are used to prove results in our
companion paper on layouts of graph subdivisions [29].

1.1 Definitions
Before we move on, here are some definitions. The subgraph of a graphG induced by a set of vertices
A⊆V(G) is denoted byG[A]. For all disjointA,B⊆V(G), we denote byG[A,B] the bipartite subgraph of
G with vertex setA∪B and edge set{vw∈ E(G) : v∈ A,w∈ B}. The spanning subgraph ofG induced by
a set of edgesS⊆ E(G) is denoted byG[S]. Forv,w∈V(G), we denote byG∪vw the graph with vertex
setV(G) and edge setE(G)∪{vw}.

A graphH is aminor of G if H is isomorphic to a graph obtained from a subgraph ofG by contracting
edges. A minor-closed class of graphs isproper if it is not the class of all graphs.

A graph parameteris a functionα that assigns to every graphG a non-negative integerα(G). Let G
be a class of graphs. Byα(G) we denote the functionf : N→ N, where f (n) is the maximum ofα(G),
taken over alln-vertex graphsG∈ G . We sayG hasboundedα if α(G) ∈ O(1). A graph parameterα is
bounded bya graph parameterβ , if there exists abindingfunctiong such thatα(G)≤ g(β(G)) for every
graphG. If α is bounded byβ andβ is bounded byα thenα andβ aretied. Clearly, if α andβ are tied
then a graph familyG has boundedα if and only if G has boundedβ. These notions were introduced by
Gyárfás [36] in relation to near-perfect graph families for which the chromatic number is bounded by the
clique-number.

A vertex orderingof ann-vertex graphG is a bijectionσ : V(G)→ {1,2, . . . ,n}. We writev <σ w to
mean thatσ(v) < σ(w). One can thus view<σ as a total order onV(G). We sayG (or V(G)) is ordered
by<σ. At times, it will be convenient to expressσ by the list(v1,v2, . . . ,vn), wherevi <σ v j if and only if
1≤ i < j ≤ n. These notions extend to subsets of vertices in the natural way. Suppose thatV1,V2, . . . ,Vk

are disjoint sets of vertices, such that eachVi is ordered by<i . Then(V1,V2, . . . ,Vk) denotes the vertex
orderingσ such thatv<σ w wheneverv∈Vi andw∈Vj with i < j, or v∈Vi , w∈Vi , andv<i w. We write
V1 <σ V2 <σ · · ·<σ Vk.

2 Basics
2.1 Fixed Track Assignment
We now show how to colour the edges in a track assignment so that no monochromatic edges form an
X-crossing. A setSof k edges in a track assignmentA is called acrossing k-tupleif each pair of edges in
S form an X-crossing inA .

Lemma 2. A t-track assignmentA of a graph G can be extended into a(k, t)-track layout if and only if
A has no crossing(k+1)-tuple.

Proof. Suppose thatA has a crossing(k+1)-tupleS. Each edge inSmust receive a distinct colour. Thus
A cannot be extended into a(k, t)-track layout. Now supposeA has no crossing(k+1)-tuple. Consider
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any two tracksA,B∈ A . For all edgesvw,xyof G[A,B], sayvw� xy if v≤ x in A andw≤ y in B. Clearly
� is a partial order onE(G[A,B]). Two edges are incomparable under� if and only if they form an X-
crossing. Thus an antichain in� (that is, a set of pairwise incomparable elements) is a crossing tuple. By
assumption,� has no antichain of sizek+1. By Dilworth’s Theorem [25],E(G[A,B]) can be partitioned
into k chains. A chain in� is a set of edges ofG[A,B], no two of which form an X-crossing. Thus the
partition intok chains defines the desired edge colouring of a(k, t)-track layout.

Note that Lemma 2 essentially says that permutation graphs are perfect (see [16]).

2.2 Extremal Questions
Consider the maximum number of edges in a track layout. It follows from Lemma 1 that ann-vertex
2-track graph has at mostn−1 edges, which generalises to(k,2)-track graphs as follows.

Lemma 3. Every(k,2)-track graph with n≥ 1 vertices has at most k(n− 1) edges. Moreover, if n≥
2k− 1, then there are at most k(n− k) edges. Conversely, for all k≥ 1 and n1,n2 ≥ k, there exists a
(k,2)-track layout with k(n1 +n2−k) edges, and with n1 vertices in the first track and n2 vertices in the
second track.

Proof. First we prove the upper bounds. Let(v1,v2, . . . ,vn1) and(w1,w2, . . . ,wn2) be the tracks, where
n= n1+n2. For each edgeviw j , let λ(viw j) = i + j. Observe that 2≤ λ(viw j)≤ n. Thus there are at most
n−1 possibleλ values. If distinct edgeseand f haveλ(e) = λ( f ) theneand f form an X-crossing. Thus
at mostk edges have the sameλ value. Hence the number of edges is at mostk(n−1). Now suppose that
n≥ 2k−1. For all 1≤ i ≤ k−1, at mosti edgese haveλ(e) = i + 1 (≤ k), and at mosti edgese have
λ(e) = n+1− i (≥ k+1). Thus the number of edges is at most

2
k−1

∑
i=1

i +
(

n−1−2(k−1)
)

k = k
(

n−k
)

.

Now we prove the lower bound. LetA = (v1,v2, . . . ,vn1) andB = (w1,w2, . . . ,wn2). Construct a graph
G with V(G) = A∪B. For each 1≤ ℓ≤ k, let Eℓ be the set of edges

{

vℓw j : 1≤ j ≤ n2 +1− ℓ
}

[

{

viwn2+1−ℓ : ℓ+1≤ i ≤ n1
}

.

Observe thatEℓ1∩Eℓ2 = /0 for distinctℓ1 andℓ2. Let E(G) =
S

ℓ Eℓ. Clearly no two edges in eachEℓ form
an X-crossing, as illustrated in Figure 2. ThusG has a(k,2)-track layout. The number of edges is

k

∑
ℓ=1

(

(n2 +1− ℓ)+(n1− ℓ)
)

= k(n1 +n2)−
k

∑
ℓ=1

(2ℓ−1) = k(n1 +n2−k) .

Note that the conditionn≥ 2k−1 in Lemma 3 is implied if in fact there is a crossingk-tuple. Lemma 3
generalises to(k, t)-track layouts as follows.

Lemma 4. Every(k, t)-track graph with n vertices and no empty tracks has at most k
(

(t − 1)n−
(t

2

))

edges. Moreover, if every pair of tracks has at least2k−1 vertices, then there are at most k
(

(t−1)n−
k
(t

2

))

edges. Conversely, for all k≥ 1, t ≥ 2 and n≥ kt there exists a(k, t)-track layout with n vertices
and k

(

(t−1)n−k
(t

2

))

edges.
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Fig. 2: An edge-maximal(3,2)-track layout.

Proof. First we prove the upper bounds. Letni be the number of vertices in thei-th track. Letmi, j be the
number of edges between thei-th and j-th tracks. By Lemma 3,mi, j ≤ k(ni + n j −1). Hence the total
number of edges is at most

∑
1≤i< j≤t

k(ni +n j −1) = k
(

∑
1≤i< j≤t

(ni +n j) −
(t

2

))

= k
(

(t−1)n−
(t

2

))

.

Now suppose that every pair of tracks has at least 2k−1 vertices. By Lemma 3,mi, j ≤ k(ni + n j − k).
Hence the total number of edges is at most

∑
1≤i< j≤t

k(ni +n j −k) = k
(

∑
1≤i< j≤t

(ni +n j) − k
(t

2

))

= k
(

(t−1)n−k
(t

2

))

.

Now we prove the lower bound. Given anyk≥ 1, t ≥ 2 andn≥ kt, arbitrarily partitionn into t integers
n = n1 + n2 + · · ·+ nt with eachni ≥ k. Construct a(k, t)-track layout withni vertices in thei-th track,
andk(ni +n j −k) edges between thei-th and j-th tracks, as in Lemma 3. By the above analysis, the total
number of edges isk

(

(t−1)n−k
(t

2

))

.

Since
(t

2

)

≥ 1, Lemma 4 implies the following lower bound ontnk(G).

Corollary 1. For all k≥ 1, every graph G with n vertices and m≥ 1 edges satisfiestnk(G)≥ m+k
kn +1.

3 Manipulating Track Layouts

3.1 The Wrapping Lemma

Consider a track assignment{Vi : 1≤ i ≤ t} with a fixed ordering of the tracks. Thespanof an edgevw
in {Vi : 1≤ i ≤ t} is |i− j| wherev∈Vi andw∈Vj . It will also be useful to consider track layouts whose
index set is two-dimensional. Let{Vi, j : i ≥ 0,1≤ j ≤ bi} be a track assignment of a graphG. Define the
partial spanof an edgevw∈ E(G) with v∈Vi1, j1 andw∈Vi2, j2 to be|i1− i2|.

The following lemma describes how to ‘wrap’ a track layout, and is a generalisation of a result by
Dujmović et al. [26], which in turn is based on an idea due to Felsneret al. [32].

Lemma 5. Let{Vi, j : i ≥ 0,1≤ j ≤ bi} be a(k, t)-track layout of a graph G with maximum partial span
s (for some irrelevant value t). For each0≤ α ≤ s, let tα = max{bi : i ≡ α (mod s+ 1)}. For each
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0≤ α ≤ 2s, let t′α = max{bi : i ≡ α (mod 2s+1)}. Then

(a) tn2k(G)≤
s

∑
α=0

tα , and (b) tnk(G)≤
2s

∑
α=0

t ′α .

Proof. Let {Eℓ : 1≤ ℓ≤ k} be the edge colouring in the given track layout. First we prove (a). By adding
extra empty tracks where necessary, we can assume that the track layout is indexed

{Vi, j : i ≥ 0,1≤ j ≤ tα ,α = i mod(s+1)} .

For each 0≤ α ≤ s and 1≤ j ≤ tα , let

Wα, j =
[

{Vi, j : i ≡ α (mod s+1), i ≥ 0} .

OrderWα, j by
(Vα, j , Vα+(s+1), j , Vα+2(s+1), j , . . .) .

Since every edgevw∈ E(G) has partial span at mosts, if v ∈Wα1, j1 andw ∈Wα2, j2 thenα1 6= α2 or
j1 6= j2. Hence{Wα, j : 0≤ α ≤ s,1≤ j ≤ tα} is a track assignment ofG. For each 1≤ ℓ≤ k, let

E′ℓ = {vw∈ Eℓ : v∈Vi1, j1 ∩Wα1, j1, w∈Vi2, j2 ∩Wα2, j2, i1≤ i2, α1≤ α2}, and

E′′ℓ = {vw∈ Eℓ : v∈Vi1, j1 ∩Wα1, j1, w∈Vi2, j2 ∩Wα2, j2, i1 < i2, α2 < α1} .

An X-crossing between edges both from someE′ℓ (or both from someE′′ℓ ) implies that the same edges
form an X-crossing in the original track layout. Thus{E′ℓ,E′′ℓ : 1≤ ℓ ≤ k} defines an edge 2k-colouring
with no monochromatic X-crossing. Thus we have a(2k,∑s

α=0 tα)-track layout ofG.
We now prove (b). Again by adding extra empty tracks where necessary, we can assume that the track

layout is indexed{Vi, j : i ≥ 0,1≤ j ≤ t ′α ,α = i mod(2s+1)}. For each 0≤ α ≤ 2s and 1≤ j ≤ t ′α , let

Wα, j =
[

{Vi, j : i ≡ α (mod 2s+1), i ≥ 0} .

OrderWα, j by
(Vα, j , Vα+(2s+1), j , Vα+2(2s+1), j , . . .) .

Clearly{Wα, j : 0≤ α ≤ 2s,1≤ j ≤ t ′α} is a track assignment ofG. It remains to prove that there is no
monochromatic X-crossing, where edge colours are inherited from the given track layout. Notice that
eachEℓ = E′ℓ∪E′′ℓ . As in part (a), edges inE′ℓ or in E′′ℓ do not form an X-crossing.

Consider the track layout defined for part (b). Although the original track layout has maximum partial
spans, wrapping modulo 2s+1 produces edges having partial span greater thans. In particular, edges in
E′ℓ have partial span at mosts, and edges inE′′ℓ have partial span at leasts+1. Thus an edge fromE′ℓ and
an edge fromE′′ℓ do not form an X-crossing. Hence we have a(k,∑2s

α=0 t ′α)-track layout ofG.

The full generality of Lemma 5 is used in our companion paper [29]. For other applications, the
following two special cases suffice. By Lemma 5 withbi = b for all i ≥ 0, we have:

Lemma 6. Let {Vi, j : i ≥ 0,1≤ j ≤ b} be a(k, t)-track layout of a graph G with maximum partial span
s. Then(a) tn2k(G)≤ (s+1)b, and(b) tnk(G)≤ (2s+1)b.

The next special case is Lemma 6 withb = 1. Lemma 7(b) withk = 1 was proved by Dujmović et al.
[26].

Lemma 7. Let G be a(k, t)-track graph with maximum span s. Then(a) tn2k(G) ≤ s+ 1, and (b)
tnk(G)≤ 2s+1.
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3.2 Biconnected Components
Clearly the track-number of a graph is at most the maximum track-number of its connected components.
We now prove a similar result for maximal biconnected components (blocks).

Lemma 8. For every k≥ 1, every graph G satisfies:

(a) tn2k(G)≤ 2·max{tnk(B) : B is a block of G}, and

(b) tnk(G)≤ 3·max{tnk(B) : B is a block of G}.
Proof. Suppose we have a(k, t)-track layout of each block ofG, wheret = max{tnk(B) : B is a block ofG}.
Clearly we can assume thatG is connected. LetT be theblock-cut-treeof G. That is, there is one vertex
in T for each block and for each cut-vertex ofG. Two vertices ofT are adjacent if one corresponds to
a blockB and the other corresponds to a cut-vertexv∈ B. T is a tree, as otherwise a cycle inT would
correspond to a single block ofG. RootT at a noder corresponding to an arbitrary block.

A node ofT that corresponds to a block ofG is at even distance fromr, and a node ofT that corresponds
to a cut-vertex ofG is at odd distance fromr. For all i ≥ 0, let Di be the set of blocks ofG whose
corresponding node inT is at distance 2i from r. Consider a blockB ∈ Di . Let x be the node ofT
corresponding toB. Let p be the parent node ofx in T. Thenp corresponds to a cut-vertex ofG, which
we call theparent cut-vertexof B. Sayi ≥ 1. Let y be the parent node ofp in T. Theny corresponds to
some blockB′ of G. We sayB′ is theparent blockof B, andB is achild blockof B′. Observe that each
cut-vertexv is the parent cut-vertex of all but one block containingv. If a vertexv of G is in only one
block B then we sayv is groupedwith B. Otherwisev is a cut-vertex and we sayv is groupedwith the
block for which it is not the parent cut-vertex.

Now order eachDi firstly with respect to the order of the parent blocks inDi−1, and secondly with
respect to the order of the parent cut-vertices in the track layouts of the parent blocks. More formally, for
eachi ≥ 1, let<i be a total order ofDi such that for all blocksA,B∈ Di with parent blocksA′,B′ ∈ Di−1,
we haveA <i B whenever (1)A′ <i−1 B′, or (2)A′ = B′, A∩A′ = {v}, B∩B′ = {w}, andv < w in some
track of the(k, t)-track layout ofA′. (If v andw are in different tracks of the(k, t)-track layout of the
parent block then the relative order ofA andB is not important.)

For eachi ≥ 0 and 1≤ j ≤ t, letVi, j be the set of verticesv of G in a some blockB∈ Di such thatv is
grouped withB, andv is in the j-th track of the track layout ofB. Now order eachVi, j firstly with respect
to the order<i of the blocks inDi , and within a blockB, by the order of thej-th track of the track layout
of B. Colour each edgee of G by the same colour assigned toe in the (k, t)-track layout of the block
containinge. We claim there is no monochromatic X-crossing.

The parent cut-vertex of a blockB is grouped with the parent block ofB, and no block and its parent
block are in the sameDi . Thus ifvw is an edge withv∈Vi, j1 andw∈Vi, j2 then bothv andw are grouped
with the block containingvw. Since within each track vertices are ordered primarily by their block,
and by assumption there is no monochromatic X-crossing between edges in the same block, there is no
monochromatic X-crossing between tracksVi, j1 andVi, j2 for all i ≥ 0 and 1≤ j1, j2≤ t.

If vw is an edge withv ∈ Vi1, j1 andw ∈ Vi2, j2 for distinct i1 and i2, then without loss of generality,
i2 = i1 +1 andv is the parent cut-vertex of the block containingvw. Since sibling blocks are ordered with
respect to the ordering of their parent cut-vertices, there is no X-crossing amongst edges between tracks
Vi1, j1 andVi2, j2 for all i1, i2 ≥ 0 and 1≤ j1, j2 ≤ t. Thus{Vi, j : i ≥ 0,1≤ j ≤ t} is ak-edge colour track
layout ofG such that every edge has a partial span of one. By Lemma 6,G hastn2k(G) ≤ 2t, andG has
tnk(G)≤ 3t.
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4 Tracks vs. Colours
We now show how to reduce the number of tracks in a track layout, at the expense of increasing the
number of edge colours.

Lemma 9. Let G be a(k, t)-track graph with maximum span s(≤ t − 1). For every vertex colouring
{Vi : 1≤ i ≤ c} of G, there is a(2sk,c)-track layout of G with tracks{Vi : 1≤ i ≤ c}.

Proof. Let {Tj : 1≤ j ≤ t} be a(k, t)-track layout ofG with maximum spans and edge colouring{Eℓ :
1≤ ℓ ≤ k}. Given a vertex colouring{Vi : 1≤ i ≤ c} of G, order eachVi by (Vi ∩T1,Vi ∩T2, . . . ,Vi ∩Tt).
Thus{Vi : 1≤ i ≤ c} is ac-track assignment ofG. Now we define an edge 2sk-colouring. For all integers
ℓ andα such that 1≤ ℓ≤ k and 1≤ |α| ≤ s, let

Eℓ,α = {vw∈ Eℓ : v∈Vi1 ∩Tj1, w∈Vi2 ∩Tj2, i1 < i2, j1− j2 = α} .

Consider two edgesvw and xy in someEℓ,α between a pair of tracksVi1 andVi2. Without loss of
generalityi1 < i2, v ∈ Vi1 ∩Tj1, w ∈ Vi2 ∩Tj1+α , x ∈ Vi1 ∩Tj2, y ∈ Vi2 ∩Tj2+α , and j1 ≤ j2. If j1 = j2
thenvw andxy are between the same pair of tracks in the given track layout, and the relative order of
the vertices is preserved. Thus ifvw andxy form an X-crossing in thec-track assignment then they are
coloured differently. Ifj1 < j2 thenv <i1 x andw <i2 y, and the edges do not form an X-crossing. Hence
vwandxydo not form a monochromatic X-crossing, and we have a(2sk,c)-track layout ofG.

We now show how to reduce the number of edge colours in a track layout, at the expense of increas-
ing the number of tracks. A vertex colouring isacyclic if there is no bichromatic cycle; that is, every
cycle receives at least three colours. Theacyclic chromatic numberof a graphG, denoted byχa(G), is
the minimum number of colours in an acyclic vertex colouring ofG. This concept was introduced by
Grünbaum [35], and has since been widely studied [3, 4, 5, 10, 11, 12, 13, 14, 14, 17, 33, 34, 42, 46]. By
Lemma 1, each 2-track subgraph in an (edge-monochromatic) track layout is a forest of caterpillars. Thus
the underlying vertex colouring is acyclic. Hence,

χa(G)≤ tn(G) . (1)

A number of the results in this paper bound the acyclic chromatic number by various ‘geometric’ graph
parameters. Many other variations of the chromatic number (including star chromatic number [1, 34, 35]
and oriented chromatic number [43, 49, 51]) are bounded by the acyclic chromatic number. Thus our
results also apply to these other types of colourings—we omit the details.

Alon and Marshall [2] proved the following application of acyclic colourings that we will repeatedly
use. Loosely speaking, it says how to transform an edge colouring into a vertex colouring. A vertex
colouringC1 is arefinementof a vertex colouringC2 if every colour class ofC1 is a subset of some colour
class ofC2.

Lemma 10. [2]Given an edge k-colouring of a graph G, any acyclic c-colouring of G can be refined to a
ckc−1-colouring so that the edges between any pair of(vertex) colour classes are monochromatic.

The following result, which is implicit in Lemma 5.3 of Dujmović et al. [26], easily follows from
Lemma 10.

Theorem 2. [26]Let G be a(k, t)-track graph in which the underlying vertex t-colouring is acyclic. Then
G has track-numbertn(G)≤ tkt−1.
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The following result is similar to Theorem 2 but without the assumption thatG has an acyclic colouring.
A track layoutT1 is a refinementof a track layoutT2 if every track inT1 is a subset of, and has the same
order as, some track inT2.

Theorem 3. Every(k, t)-track layout of a graph G can be refined to an(edge-monochromatic) t ·4(k
2)(t−1)-

track layout of G. That is, G has track-numbertn(G)≤ t ·4(k
2)(t−1).

We will prove Theorem 3 by a series of lemmas. Recall that acrossing triplein a track assignment is a
set of three edges, each pair of which forms an X-crossing. The following result is the key idea.

Lemma 11. Every2-track assignment with no crossing triple can be refined to an(edge-monochromatic)
8-track layout, with four tracks arising from each of the two given tracks.

Proof. Let {A,B} be a 2-track assignment of a graphG with no crossing triple. We consider each track
to be ordered left-to-right. Construct a pathP starting at the first vertex inA as follows. Ifv is the current
endpoint ofP, choosevw to be the next edge inP, wherew is the rightmost vertex in the track that does
not containv, such thatG∪ vw has no crossing triple. (Note thatvw is not necessarily an edge ofG.)
Repeat this process untilv is the rightmost vertex inB. Then{A,B} is a 2-track assignment ofG∪P with
no crossing triple.

In the construction ofP, we can always choose the edgevw, since ifuv is the edge most recently added
to P, then the first vertexw to the right ofu satisfies the conditions onw (since if{vw,e1,e2} is a crossing
triple, then{uv,e1,e2} is a crossing triple, orv was not chosen rightmost.) This also proves thatP is plane
(that is, non-self-crossing). Moreover,P is an induced path, as otherwise some vertex inP would not be
rightmost.

Claim. Each edge ofG crosses at most one edge ofP.

Proof. Assume for the sake of contradiction that an edgexyof G crosses two edges ofP. Thenxycrosses
some 2-edge pathuvw∈ P, such that without loss of generalityu∈ B, v∈ A, w∈ B, andu < w in B. We
can assume thatx is the rightmost vertex in its track that has an incident edgexy that crossesuvw, and
x < v in A or x < u in B.

Case 1.x∈ A (see Figure 3(a)): Sincevw was added toP (andvy was not added toP), there are two
edgespq, rs∈ E(G) (with p, r ∈ A andq,s∈ B), such that{pq, rs,vy} is a crossing triple. Ifpqor rs does
not crossxy, thenx < p < v or x < r < v, in which casepq or rs crossesuvwwith p > x or r > x, which
contradicts our choice ofx. Otherwise{pq, rs,xy} is a crossing triple, which is again a contradiction.

Case 2.x∈ B (see Figure 3(b)): Sinceuv was added toP (anduy was not added toP), there are two
edgespq, rs∈ E(G) (with p, r ∈ A andq,s∈ B), such that{pq, rs,uy} is a crossing triple. Ifpqor rs does
not crossxy thenx < q < u or x < s< u, in which casepq or rs crossesuvwwith x < q or x < s, which
contradicts our choice ofx. Otherwise{pq, rs,xy} is a crossing triple, which is again a contradiction.

Let P = (v1,w1,v2,w2, . . . ,vt ,wt), wherev1 is the first vertex inA, andv1 < v2 < · · · < vt in A, andwt

is the last vertex inB, andw1 < w2 < · · ·< wt in B.
For 1≤ i ≤ t−1, let Ai be the subset ofA consisting of the vertices strictly betweenvi andvi+1. Let

At be the subset ofA consisting of the vertices strictly aftervt . Let B0 be the subset ofB consisting of the
vertices strictly beforew1. For 1≤ i ≤ t−1, let Bi be the subset ofB consisting of the vertices strictly
betweenwi andwi+1.

Let X1 = {vi : i odd}, X2 = {vi : i even}, X3 = ∪{Ai : i odd}, andX4 = ∪{Ai : i even}.
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u w ys q

x v p r
A

B

(a)
u wx s q

yv p r
A

B

(b)

Fig. 3: Illustration to show that every edge ofG crosses at most one edge ofP.

Let Y1 = {wi : i odd}, Y2 = {wi : i even}, Y3 = ∪{Bi : i odd}, andY4 = ∪{Bi : i even}.
Consider each ofX1, X2, X3 andX4 to be tracks ordered as inA. Consider each ofY1, Y2, Y3 andY4 to

be tracks ordered as inB. Note that every vertex ofG is in one of these tracks. We claim that there is no
X-crossing between these tracks.

SinceP is an induced path ofG∪P, every edge ofG[X1∪X2,Y1∪Y2] is in P. SinceP is non-crossing,
there is no X-crossing between tracksXα andYβ for all α,β∈ {1,2}.

Consider the subgraphsG[X1,Y3∪Y4] andG[X2,Y3∪Y4]. By the construction ofP, G[X1,Y3∪Y4] only
has edgesvix wherei is odd andx∈ Bi−1∪Bi−2, andG[X2,Y3∪Y4] only has edgesvix wherei is even and
x∈ Bi−1∪Bi−2. ThusG[X1,Y3∪Y4] andG[X2,Y3∪Y4] consist of non-crossing stars rooted at verticesvi

of P. Similarly, G[Y1,X3∪X4] andG[Y2,X3∪X4] consist of non-crossing stars rooted at verticeswi ∈ P.
Thus there is no X-crossing inG[X1,Y3∪Y4], G[X2,Y3∪Y4], G[Y1,X3∪X4] andG[Y2,X3∪X4].

Now, assume for the sake of contradiction that two edgesvw andxy in G[X3,Y3] form an X-crossing.
Sayv < x in A andy < w in B. Since no edge ofG[X3,Y3] crosses two edges ofP, we havev,x ∈ Ai

andw,y∈ Bi for somei. Thusv < x < vi+1 andwi < y < w. Hence{vw,xy,wivi+1} is a crossing triple,
which is a contradiction. It is simple to verify that the same arguments prove that there is no X-crossing
in G[X3,Y4], G[X4,Y3] andG[X4,Y4].

This completes the proof that{X1,X2,X3,X4,Y1,Y2,Y3,Y4} is the desired 8-track layout ofG.

A :

B :

A1 ⊆ X3 A3 ⊆ X3 A5 ⊆ X3A2 ⊆ X4 A4 ⊆ X4 A6 ⊆ X4

B1 ⊆ Y3 B3 ⊆ Y3 B5 ⊆ Y3B0 ⊆ Y4 B2 ⊆ Y4 B4 ⊆ Y4

v1

∈ X1

v3

∈ X1

v5

∈ X1

v2

∈ X2

v4

∈ X2

v6

∈ X2

w1

∈ Y1

w3

∈ Y1

w5

∈ Y1

w2

∈ Y2

w4

∈ Y2

w6

∈ Y2

Fig. 4: Construction of an 8-track refinement of a(2,2)-track layout.
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Lemma 12. Every(k,2)-track layout can be refined to an(edge-monochromatic) 2 ·4(k
2)-track layout,

with 4(k
2) tracks arising from each of the two given tracks.

Proof. Let {A,B} be the tracks and let{E1,E2, . . . ,Ek} be the edge colouring in a(k,2)-track layout of
a graphG. By Lemma 11, for each pair{i, j} ∈

([k]
2

)

, there is an 8-track layout{Xi, j
α ,Yi, j

α : 1≤ α ≤ 4}
of G[Ei ∪E j ], where everyXi, j

α ⊆ A andYi, j
α ⊆ B. For each vertexv∈ A, define the vector(Xi, j

α : {i, j} ∈
([k]

2

)

,v ∈ Xi, j
α ). For each vertexw ∈ B, define the vector(Yi, j

α : {i, j} ∈
([k]

2

)

,w ∈ Yi, j
α ). Now group the

vertices with a common vector into a track, ordered byA or B accordingly. Since each of the 8-track
layouts is a refinement of{A,B}, the order of the vertices within each of the 8-track layouts is preserved.
If two edges colouredi form an X-crossing, then the same pair of edges would form an X-crossing in the
(k,2)-track layout ofG. If two edges colouredi and j form an X-crossing, then the same edges would
form an X-crossing in the 8-track layout ofG[Ei ∪E j ]. Hence there is no X-crossing. The number tracks

for each ofA andB is 4(
k
2).

Proof of Theorem 3.Let {V1,V2, . . . ,Vt} be the tracks in a(k, t)-track layout ofG. For each vertexv∈Vi ,
and for every other trackVj , let φj(v) be the track containingv in the track layout ofG[Vi ,Vj ] determined

by Lemma 12, where 1≤ φj(v)≤ 4(k
2). For each vertexv∈Vi , define the vector

(i;φ1(v), . . . ,φi−1(v),φi+1(v), . . . ,φt(v)) .

Group the vertices with a common vector into a track, ordered by the appropriateVi . Since each track
layout ofG[Vi ,Vj ] is a refinement of{Vi ,Vj}, the order of the vertices within each track layout ofG[Vi ,Vj ]
is preserved. If two edges are between the same pair of tracks, then their endpoints must be from the same
pair of colour classes. Thus there is no X-crossing, as otherwise there would be an X-crossing in the track

layout of someG[Vi ,Vj ]. The total number of tracks ist ·4(k
2)(t−1).

Note that Lemma 12 can re-stated as follows:

Corollary 2. The vertices of a(k,2)-track graph can be coloured with2 · 4(k
2) colours so that each

bichromatic subgraph is a plane caterpillar; that is, each bichromatic subgraph has no X-crossing.

Theorem 3 and (1) imply:

Corollary 3. Acyclic chromatic number is bounded by track-number. In particular, every(k, t)-track

graph G has acyclic chromatic numberχa(G)≤ t ·4(k
2)(t−1).

Note that the converse of Corollary 3 is not true. LetK′′n be the graph obtained from the complete graph
Kn by subdividing every edge twice. Colour each original vertex ofKn red, and colour the two division
vertices of each edge blue and green. Clearly there is no bichromatic cycle. Thusχa(K′′n ) = 3 for n≥ 3.
However,K′′n has track-numbertn(K′′n ) ∈ Ω(n1/4) [29]. Thus track-number is not bounded by acyclic
chromatic number.
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5 Stack and Queue Layouts
Let σ be a vertex ordering of a graphG. Let L(e) andR(e) denote the endpoints of each edgee∈ E(G)
such thatL(e) <σ R(e). Consider two edgese, f ∈ E(G) with no common endpoint such that without loss
of generalityL(e) <σ L( f ). If L(e) <σ L( f ) <σ R(e) <σ R( f ) thene and f cross. If L(e) <σ L( f ) <σ
R( f ) <σ R(e) theneand f nest, and f is nested inside e.

A stack(respectively,queue) in σ is a set of edges no two of which cross (nest) inσ. A k-stack(queue)
layoutof G consists of a vertex orderingσ of G and a partition{Eℓ : 1≤ ℓ ≤ k} of E(G), such that each
Eℓ is a stack (queue) inσ. A graph admitting ak-stack (queue) layout is called ak-stack(queue) graph.
Thestack-number(queue-number) of a graphG, denoted bysn(G) (qn(G)), is the minimumk such that
G is ak-stack (k-queue) graph. Note that stack-number is also calledpage-numberandbook-thicknessin
the literature.

Bernhart and Kainen [6] observed that the 1-stack graphs are precisely the outerplanar graphs, and that
2-stack graphs are characterised as the subgraphs of planar Hamiltonian graphs. Heath and Rosenberg
[40] characterised 1-queue graphs as the ‘arched levelled planar’ graphs. See our companion paper [27]
for other results and numerous references related to stack and queue layouts.

The following lemma highlights the fundamental relationship between track layouts, and queue and
stack layouts. Its proof follows immediately from the definitions, and is illustrated in Figure 5 fork = 1.

Lemma 13. Let{A,B} be a track assignment of a bipartite graph G. Then the following are equivalent:

(a) {A,B} admits a(k,2)-track layout of G,

(b) the vertex ordering(A,B) admits a k-queue layout of G, and

(c) the vertex ordering(A,
←−
B ) admits a k-stack layout of G,

where
←−
B denotes the reverse vertex ordering of B.

(a) (b) (c)

Fig. 5: Layouts of a caterpillar: (a) 2-track, (b) 1-queue, (c) 1-stack.

Lemma 13 implies that a(k,2)-track layout can be thought of as ak-stack layout of a bipartite graph in
which the two colour classes are ‘separated’ in the ordering. In Corollary 2 we proved that the vertices of

(k,2)-track layout can be coloured with 2·4(k
2) colours so that each bichromatic subgraph is crossing-free.

This result can be generalised as follows.

Theorem 4. Every k-stack graph has a vertex80(
k
2)-colouring so that each bichromatic subgraph is

contained in a single stack, and is thus crossing-free and outerplanar.



510 Vida Dujmovíc and Attila Ṕor and David R. Wood

Proof. Every 2-stack graph is planar [6], and thus has an acyclic 5-colouring [10]. By Lemma 10 using
the stack assignment as an edge 2-colouring, every 2-stack graph has a vertex colouring with 5·24 = 80
colours, so that the edges of each bichromatic subgraph are in a single stack.

Now suppose thatG is ak-stack graph. Let{E1,E2, . . . ,Ek} be the stacks. For each pair{i, j} ∈
([k]

2

)

,
there is a vertex 80-colouring ofG[Ei∪E j ], such that the edges in each bichromatic subgraph are contained
in a single stack. Letφi, j(v) ∈ {1,2, . . . ,80} be the colour assigned to each vertexv. Now colourv by the

vectorφ(v) = (φi, j(v) : {i, j} ∈
([k]

2

)

).
Suppose there are two edgesvwandxy in some bichromatic subgraph ofφ, andvwandxyare in distinct

stacksEi andE j . Without loss of generality,φ(v) = φ(x) andφ(w) = φ(y). Thusφi, j(v) = φi, j(x) and
φi, j(w) = φi, j(y). Hence in the vertex 80-colouring ofG[Ei ∪E j ], there is a bichromatic subgraph with
two edges in distinct stacks, which is a contradiction. Thus each bichromatic subgraph ofφ is contained

in a single stack. The number of colours is 80(k
2).

Theorem 5. Acyclic chromatic number is bounded by stack-number. In particular, every k-stack graph G
has acyclic chromatic numberχa(G)≤ 80k(2k−1).

Proof. The edges of an outerplanar graph can be partitioned into two acyclic subgraphs [45]. ThusG has
a 2k-stack layout in which each stack is acyclic. The result follows from Theorem 4.

Note that the converse of Theorem 5 is not true. Blankenship and Oporowski [7, 8, 9] proved that the
stack-number ofK′′n is unbounded, butχa(K′′n ) = 3 for n≥ 3 (see Section 4). Thus stack-number is not
bounded by acyclic chromatic number.

5.1 Queue and Track Layouts
Consider how to convert a track layout into a queue layout. The following lemma was proved by Dujmović
et al. [26] for k = 1, and witht = 2 is nothing more than Lemma 13(b).

Lemma 14. Queue-number is bounded by track-number. In particular, every(k, t)-track graph with
maximum span s(≤ t−1) has a ks-queue layout.

Proof. Let {Vi : 1≤ i ≤ t} be a(k, t)-track layout of a graphG with maximum spans and edge colouring
{Eℓ : 1≤ ℓ≤ k}. Let σ be the vertex ordering(V1,V2, . . . ,Vt) of G. Let Eℓ,α be the set of edges inEℓ with
spanα in the given track layout. Two edges from the same pair of tracks are nested inσ if and only if they
form an X-crossing in the track layout. Since no two edges inEℓ form an X-crossing in the track layout,
no two edges inEℓ and between the same pair of tracks are nested inσ. If two edges not from the same
pair of tracks have the same span then they are not nested inσ. (This idea is due to Heath and Rosenberg
[40].) Thus no two edges are nested in eachEℓ,α , and we have aks-queue layout ofG.

While the relationship between stack and track layouts is not as pronounced as that between queue and
track layouts, Lemmata 9 and 13 imply the following analogous result to Lemma 14 for stack layouts of
bipartite graphs.

Lemma 15. Stack-number is bounded by track-number for bipartite graphs. In particular, every bipartite
(k, t)-track graph with maximum span s(≤ t−1) has a2ks-stack layout.

Now consider how to convert a vertex ordering into a track layout. The proof of the next result follows
immediately from the definitions, and is illustrated in Figure 6.
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Lemma 16. Let σ be a vertex ordering of a graph G. Let{Vi : 1 ≤ i ≤ c} be a vertex colouring of
G. For all 1≤ i, j ≤ c, a pair of edges vw,xy∈ E(G[Vi ,Vj ]) form an X-crossing in the track assignment
{(Vi ,σ) : 1≤ i ≤ c} if and only if:

• vw and xy are nested inσ (Figures 6(a)-(b)), or

• vw and xy cross inσ with v<σ y <σ w <σ x, and v,x∈Vi and w,y∈Vj (Figure 6(e)).

⇓

(a)

⇓

(b)

⇓

(c)

⇓

(d)

⇓

(e)

⇓

(f)

Fig. 6: From a linear layout to a track layout: (a)-(b) nested, (c)-(d) disjoint, (e)-(f) crossing.

Consider a vertex orderingσ = (v1,v2, . . . ,vn) of a graphG. For each edgeviv j ∈ E(G), let thewidth
of viv j in σ be |i− j|. Theband-widthof σ is the maximum width of an edge ofG in σ. Theband-width
of G, denoted bybw(G), is the minimum band-width of a vertex ordering ofG.

Lemma 17. Every graph G with band-widthbw(G) has track-numbertn(G)≤ bw(G)+1.

Proof. Letσ = (v0,v1, . . . ,vn−1) be a vertex ordering ofGwith band-widthb= bw(G). For each 0≤ ℓ≤ b,
let Vℓ = {vi : i ≡ ℓ mod(b+1)}. Not only is{Vℓ : 0≤ ℓ≤ b} a vertex colouring ofG, but for every edge
vw, if there is a vertexx with v <σ x <σ w, then all three vertices are in distinct colour classes. Thus, it
follows from Lemma 16 that with eachVℓ ordered byσ, there is no X-crossing.

Note that Lemma 17 is in fact weaker than the bound due to Dujmović et al. [26] that track-number is
at most one more than the path-width. However, we consider that this particularly simple proof deserves
mention. The following observation is implicit in Lemma 5.3 of Dujmović et al. [26].

Lemma 18. For every vertex colouring{Vi : 1≤ i ≤ c} of a q-queue graph G, there is a(2q,c)-track
layout of G with tracks{Vi : 1≤ i ≤ c}.
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Proof. Let σ be the vertex ordering in aq-queue layout ofG with queues{Eℓ : 1≤ ℓ≤ q}. Let {(Vi ,σ) :
1≤ i ≤ c} be ac-track assignment ofG, and for each 1≤ ℓ≤ q, let

E′ℓ = {vw∈ Eℓ : v∈Vi ,w∈Vj , i < j,v <σ w}, and

E′′ℓ = {vw∈ Eℓ : v∈Vi ,w∈Vj , i < j,w <σ v} .

By Lemma 16, an X-crossing in the track assignment between edges both from someE′ℓ (or both from
someE′′ℓ ) implies that these edges are nested inσ. Since no two edges inEℓ are nested inσ, the set{E′ℓ,E′′ℓ :
1≤ ℓ≤ q} defines an edge 2q-colouring with no monochromatic X-crossing in the track assignment. Thus
we have a(2q,c)-track layout ofG.

Lemma 18 is similar to a result by Pemmaraju [48] which says that a queue layout can be ‘separated’ by
a vertex colouring, although the proof by Pemmaraju, which is based on the characterisation of 1-queue
graphs as ‘arched levelled planar’, is much longer. Pemmaraju [48] used separated queue layouts to prove
the next result, which follows from Lemmata 13 and 18.

Theorem 6. [48]Stack-number is bounded by queue-number for bipartite graphs. In particular,sn(G)≤
2qn(G) for every bipartite graph G.

The2-track thicknessof a bipartite graphG is the minimumk such thatG has a(k,2)-track layout (see
[29]). Lemmata 13 and 18 imply:

Theorem 7. Queue-number and 2-track thickness are tied for bipartite graphs. In particular, for every
bipartite graph G, ifqn(G) ≤ k then G has a(2k,2)-track layout, and if G has a(k,2)-track layout then
qn(G)≤ k.

In our companion paper [27], we prove that everyq-queue graph is 4q-colourable. Thus Lemma 18
implies:

Corollary 4. Every q-queue graph has a(2q,4q)-track layout.

The next corollary of Theorem 2 and Lemma 18 is by Dujmović et al. [26].

Corollary 5. [26] Every q-queue graph G with acyclic chromatic numberχa(G) ≤ c has track-number
tn(G)≤ c(2q)c−1.

Něseťril and Ossona de Mendez [46] proved that every proper minor-closed graph family has bounded
acyclic chromatic number. Thus Corollary 5 implies that for every proper minor-closed graph family,
track-number is bounded by queue-number [26]. However, this does not imply that track-number is
bounded by queue-number forall graphs. For example, in our companion paper [29] we prove that
there are 2-queue graphs with unbounded clique minors, for which we cannot apply the result of Nešeťril
and Ossona de Mendez [46]. By Theorem 3 and Corollary 4, we have the following result which is
qualitatively stronger than Corollary 5.

Theorem 8. Track-number is bounded by queue-number. In particular, every graph G with queue-number
qn(G)≤ q has track-numbertn(G)≤ 4q·4q(2q−1)(4q−1).

Theorem 8 and (1) imply:

Corollary 6. Acyclic chromatic number is bounded by queue-number. In particular, every graph G with
queue-numberqn(G)≤ q has acyclic chromatic numberχa(G)≤ 4q·4q(2q−1)(4q−1).
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Again the converse of Corollary 6 is not true. In particular,qn(K′′n ) ∈Ω(n1/4) [29], butχa(K′′n ) = 3 for
n≥ 3 (see Section 4). Thus queue-number is not bounded by acyclic chromatic number.

Lemma 10 and Corollary 6 imply:

Theorem 9. Every q-queue graph has a(4q · 4q(2q−1)(4q−1))q4q·4q(2q−1)(4q−1)−1-colouring in which each
bichromatic subgraph is contained in a single queue, and is thus(arched-levelled) planar.

Theorem 8 and Lemma 14 prove the following result, which is one of the main contributions of the
paper.

Theorem 10. Queue-number and track-number are tied.

5.2 1-Queue Graphs

In the case of 1-queue graphs, much improved bounds can be obtained. Di Giacomo and Meijer [23]
proved that every 1-queue graph has a 5-track layout, and that there exists a 1-queue graph with track-
number at least 4. We now prove that the lower bound is the right answer.

Theorem 11. Every1-queue graph has a(2,3)-track layout and a4-track layout.

To prove Theorem 11 we will use the following characterisation of 1-queue graphs that may be of
independent interest. It is similar but not the same as the characterisation in terms of ‘arched levelled’
planar graphs due to Heath and Rosenberg [40].

Lemma 19. A graph G has a1-queue layout if and only if G has a track layout{Vi : 1≤ i ≤ t} with
maximum span two, such that for every edge vw∈ E(G) that has span two(v∈Vi , w∈Vi+2), w is the first
vertex in Vi+2, and there is no edge xy∈ E(G) with v<i x∈Vi and y∈Vi+1.

Proof. Suppose thatT = {Vi : 1≤ i ≤ t} is a track layout of a graphG that satisfies the conditions of
the lemma. Letσ be the vertex ordering(V1,V2, . . . ,Vt). Suppose that there is an edgexy nested inside
another edgevw in σ. Without loss of generality,v <σ x <σ y <σ w. By the proof of Lemma 14, edges
that have the same span inT are not nested inσ. Thus the span ofxy is one, and the span ofvw is two.
Hencev∈Vi andw∈Vi+2 for some 1≤ i ≤ t−2. By assumption,w is the first vertex in its track. Thus
x∈Vi andy∈Vi+1. But this contradicts the assumption aboutT. Thus no two edges are nested inσ, and
we have a 1-queue layout ofG.

Now suppose thatσ is the vertex ordering in a 1-queue layout of a graphG. Partition the vertices into
non-empty independent setsV1,V2, . . . ,Vt such thatσ = (V1,V2, . . . ,Vt), and for all 2≤ i ≤ t, there exists
an edge from the first vertex inVi to some vertex inVi−1. Such a partition can be computed greedily as
follows. First letV1 be the largest independent set at the start ofσ. Then for alli = 2,3, . . . , t, letVi be the
largest independent set starting with the vertex immediately after the last vertex inVi−1. We claim that
T = {(Vi ,σ) : 1≤ i ≤ t} is the desired track layout.

Sinceσ has no nested edges, by Lemma 16,T is a track layout (with no X-crossing). For alls≥ 3,
there is no edge in anyG[Vi ,Vi+s], as otherwise it would be nested inσ with the edge from the first vertex
in Vi+2 to some vertex inVi+1. Thus the track layout has span at most two. If an edgevw has span two
with v ∈ Vi andw ∈ Vi+2, thenw is the first vertex inVi+2, as otherwisevw would be nested with the
edge between the first vertex inVi+2 and some vertex inVi+1. Moreover, there is no edgexy∈ E(G) with
v <i x∈Vi andy∈Vi+1, as otherwisexywould be nested insidevw in σ.
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Proof of Theorem 11.Let T1 = {Vi : i ≥ 0} be the track layout ofG from Lemma 19. SinceT1 has
maximum span at most two,G has a(2,3)-track layout and a 5-track layout by Lemma 7. LetT2 =
{W0,W1,W2,W3} be the track assignment obtained by wrappingT1 modulo four; that is, forj ∈ {0,1,2,3},

Wj = (Vj ,Vj+4,Vj+8, . . .) .

An edge that has span one inT1 has span one or three inT2. An edge that has span two inT1 has span
two in T2. Suppose for the sake of contradiction that two edgesvwandxy form an X-crossing inT2. As in
Lemma 5, two edges that have span one inT1, do not form an X-crossing inT2. Two edges, one with span
one and the other with span two inT1 do not form an X-crossing inT2, as they have different spans inT2.
Thusvw andxy both have span two inT1. Thus, by the above observation and without loss of generality,
v is the first vertex in someVi andx is the first vertex in someVj with i < j. Moreover, j ≥ i +2 sincev,
w, x andy belong to two tracks ofT2. Thus eithery∈Vℓ such thatℓ > i or y∈Vi andy > v. In either case,
as in Lemma 5,vwandxydo not form an X-crossing inT2, which is a contradiction, as desired.

Theorem 11 and (1) imply:

Corollary 7. Every1-queue graph G has acyclic chromatic numberχa(G)≤ 4.

6 Geometric Thickness
Thegeometric thicknessof a graphG, denoted byθ(G), is the minimum number of colours such thatG
can be drawn in the plane with edges as coloured straight-line segments, and monochromatic edges do not
cross [24, 30, 41]. Stack-number (when viewed as book-thickness) is equivalent to geometric thickness
with the additional requirement that the vertices are in convex position [6]. Thusθ(G)≤ sn(G) for every
graphG. While it is an open problem whether stack number is bounded by track-number or by queue-
number (see our companion paper [29]), we prove the weaker results that geometric thickness is bounded
by track-number, and geometric thickness is bounded by queue-number.

Theorem 12. Geometric thickness is bounded by track-number. In particular, every(k, t)-track graph G
has geometric thicknessθ(G)≤ k⌈ t

2⌉⌊ t
2⌋.

Proof. Let p≥ t be a prime. Position thej-th vertex in thei-th track at(i, p j +(i2 mod p)). Wood [53]
proved that in this layout no three vertices are collinear, unless all three are in a single track. Since a
track is an independent set, the only vertices that an edge intersects are its own endpoints. The vertices
in each track are positioned on a line parallel to theY-axis, in the order defined by the track layout. Thus
monochromatic edges between any pair of tracks do not cross. If we let each pair of tracks use a distinct
palette ofk edge colours, then we obtain a drawing ofG with k

(t
2

)

edge colours, such that monochromatic
edges do not cross. That is,θ(G)≤ k

(t
2

)

.
This bound can be improved by partitioning the pairs of tracks into sets that can use the same palette ofk

colours. This amounts to edge-colouring the complete graphKt with a fixed vertex ordering(v1,v2, . . . ,vt),
so that overlapping edges receive distinct colours. To this end, define a partial order onE(Kt) as follows.
For all edgesviv j andvavb (with i < j anda < b), let viv j ≺ vavb if j ≤ a. Clearly� is a partial order
on E(Kt), such that distinct edges are overlapping if and only if they are incomparable under�. By
Dilworth’s Theorem [25], there is a partition ofE(Kt) into r sets, each pairwise non-overlapping, wherer
is the size of the largest set of pairwise overlapping edges. Clearlyr = ⌈ t

2⌉⌊ t
2⌋. For each such set, assign
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a distinct palette ofk colours to the edges between pairs of tracks corresponding to edges ofKt in this set.
In total we havekr edge colours, andθ(G)≤ kr = k⌈ t

2⌉⌊ t
2⌋.

Theorem 12 and Lemma 18 imply:

Corollary 8. Every q-queue c-colourable graph G has geometric thicknessθ(G)≤ 2q⌈ c
2⌉⌊ c

2⌋.
Theorem 12 and Corollary 4 imply:

Corollary 9. Geometric thickness is bounded by queue-number. In particular, every graph G has geo-
metric thicknessθ(G)≤ 8qn(G)3.

Note that queue-number is not bounded by geometric thickness. For example, the graphK′n obtained
from Kn by subdividing every edge once has geometric thickness two [31] but has queue-numberΘ(

√
n)

[29]. Similarly, acyclic chromatic number is not bounded by geometric thickness, sinceχa(K′n) ∈Θ(
√

n)
[52]. In fact, in Lemma 20 below we prove a stronger result that provides a counterpoint to Theorems 4
and 9.

Let G be a graph with a straight line drawing in the plane with the vertices in convex position. Suppose
that there is ak-colouring of the edges so that monochromatic edges do not cross. Then Theorem 4 implies

G has a vertex colouring with 80(
k
2) colours so that each bichromatic subgraph is plane (that is, no two

edges cross). Theorem 9 gives a similar result fork-queue graphs. This type of result does not extend
to the case of graphs with geometric thicknessk ≥ 2. Again our example isK′n which has geometric
thickness two [31].

Lemma 20. For every c∈ N there is an n∈ N, such that in every vertex c-colouring of K′n there is a
bichromatic subgraph that is not planar.

To prove Lemma 20 we need the following lemma.

Lemma 21. Let {Vi : 1≤ i ≤ c} be a vertex vertex c-colouring of a graph G such that each bichro-
matic subgraph G[Vi ,Vj ] has acyclic chromatic number at most k. Then G has acyclic chromatic number
χa(G)≤ c·kc−1.

Proof. For each vertexv ∈ Vi and for all j 6= i, let φj(v) be the colour assigned tov in an acyclick-
colouring of G[Vi ,Vj ]. Colour v by the vectorφ(v) = (i;φ1(v), . . . ,φi−1(v),φi+1(v), . . . ,φc(v)). If C is
a bichromatic cycle between colour classes(i;λ1, . . . ,λi−1,λi+1, . . . ,λc) and( j;γ1, . . . ,γj−1,γj+1, . . . ,γc),
thenC is a bichromatic cycle between colour classesλ j andγi in the acyclic colouring ofG[Vi ,Vj ]. Thus
φ is an acyclic colouring ofG. The number of colours isc·kc−1.

Proof of Lemma 20.Suppose on the contrary that there is ac ∈ N such that everyK′n has a vertexc-
colouring in which every bichromatic subgraph is planar. By Lemma 21 and since planar graphs have
acyclic 5-colourings [10], everyK′n has ac · 5c−1-acyclic colouring. However, the acyclic chromatic
number ofK′n is Ω(

√
n) [52]. Thus we obtain a contradiction for sufficiently largen.
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7 Planar Graphs
Whether planar graphs have bounded track-number is probably the most important open problem in the
field. A crossing-free drawing of a graph in the plane in which all the vertices are on the boundary of the
outerface is calledouterplanar. A graph isouterplanarif it has an outerplanar drawing. In this section
we prove bounds on the track-number of outerplanar graphs, and prove the best known lower bound on
the track-number of planar graphs.

Lemma 22. Every outerplanar graph has a5-track layout.

Proof. We proceed by induction onn with the following hypothesis: Every maximal outerplanar graphG
on n≥ 2 vertices has a straight-line outerplanar drawing (in which the coordinates of each vertexv are
denoted by(X(v),Y(v))) such that:

• Y(v) ∈ Z for every vertexv∈V(G),

• |Y(v)−Y(w)| ∈ {1,2} for every edgevw∈ E(G),

• the boundary of the drawing is a strictly monotone polygon; that is, every vertical line intersects the
boundary in at most two places.

The result will follow since this drawing obviously defines a track layout ofG with span two, which
can be wrapped onto five tracks by Lemma 7(b). The basis of the induction withn = 2 is trivial. Every
maximal outerplanar graph onn≥ 3 vertices has a vertexv that is adjacent to exactly two verticesu and
w, such thatuw is an edge on the boundary. LetG′ = G\ v. ThenG′ is also maximal outerplanar. By
induction,G′ has the desired drawing. Theupper envelopeof the drawing is the portion of the boundary
that is visible from(0,+∞), and thelower envelopeof the drawing is the portion of the boundary that is
visible from(0,−∞). By the third invariant, every edge that is on the boundary of the drawing is on the
upper or lower envelope. Without loss of generalityY(u) < Y(w). As illustrated in Figure 7, positionv in
the drawing ofG′ as follows. (For an edge on both envelopes we can use either rule.)
Case (a).uw is on the upper envelope andY(w) = Y(u)+1: Positionv at (1

2X(w)+ 1
2X(u),Y(w)+1).

Case (b).uw is on the upper envelope andY(w) = Y(u)+2: Positionv at (3
4X(u)+ 1

4X(w),Y(u)+1).
Case (c).uw is on the lower envelope andY(w) = Y(u)+1: Positionv at (1

2X(u)+ 1
2X(w),Y(u)−1).

Case (d).uw is on the lower envelope andY(w) = Y(u)+2: Positionv at (3
4X(w)+ 1

4X(u),Y(u)+1).
Draw the edgesvuandvwstraight. It is simple to check that the invariants are maintained.

We now consider lower bounds on the track-number of outerplanar and planar graphs.

Lemma 23. There is an outerplanar graph H with track-numbertn(H)≥ 4.

Proof. Let H1,H2, . . . ,H5 be copies ofK3. Nominate a vertexw j of eachH j . ConstructH by adding an
additional vertexv adjacent to eachw j . ClearlyH is outerplanar. Suppose thattn(H)≤ 3. Without loss of
generality,v is in track 1. Thus{w1,w2,w3,w4,w5} are in tracks 2 and 3. Hence there are threew j vertices
in a single track. Without loss of generality,w1 < w2 < w3 in track 2. One vertexx of H2 is in track 1,
sinceH2 = K3. But this implies thatw2x forms an X-crossing withw1v or w3v. Hencetn(H)≥ 4.

Whether every outerplanar graph has a 4-track layout is an interesting open problem. We conjecture
that a large enough outerplanar graph whose weak dual is the ‘cubic’ tree has track-number 5.
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Fig. 7: Construction of a track layout of an outerplanar graph in Lemma 22.

Lemma 24. For every outerplanar graph H, there is a planar graph G with track-numbertn(G) ≥
tn(H)+3.

Proof. We constructG incrementally. Start with an edgev1v2. Let t = tn(H) andn = 2t + 1. Add n
new vertices{w1,w2, . . . ,wn} each adjacent to bothv1 andv2. Let H1,H2, . . . ,Hn be copies ofH. For all
1≤ j ≤ n, add an edge betweenw j and every vertex ofH j . As illustrated in Figure 8,G is planar. Suppose
thatG has a (t +2)-track layout. Without loss of generality,vi is in tracki. Thus{w1,w2, . . . ,wn} are in
tracks{3,4, . . . , t + 2}. Hence there are threew j vertices in a single track. Without loss of generality,
w1 < w2 < w3 in track 3. No vertexx of H2 is in track 1 or 2, as otherwisexw2 would form an X-crossing
with one of{v1w1,v1w3,v2w1,v2w3}. No vertexx of H2 is in track 3, sincex andw2 are adjacent, andw2

is in track 3. Thus all the vertices ofH2 are in tracks{4,5, . . . , t +2}, implying tn(H)≤ t−1, which is a
contradiction. Thereforetn(G)≥ t +3.

v1

v2

w1H1
w2H2

�✁�✂�

wnHn

Fig. 8: The graphG in Lemma 24.

Lemmata 23 and 24 imply:

Theorem 13. There is a planar graph G with track-numbertn(G)≥ 7.
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The best previous lower bound for the track-number of a planar graph was six due to Giuseppe Liotta
and the third author [unpublished].

Corollary 10. There is a planar graph with ‘improper track-number’ at least7.

Proof. Let G be the planar graph from Theorem 13. LetG′ be the graph obtained fromG by the following
construction. For each edgevw of G, add six new vertices toG′, each adjacent tov andw. ClearlyG′ is
planar. Dujmovíc et al.[26] proved that ifG′ has an improper 6-track layout, thenG has a (proper) 6-track
layout. ThusG′ has no improper 6-track layout by Theorem 13.

8 Computational Complexity
We conclude with some open problems regarding the computational complexity of determining whether
a given graph admits a particular type of track layout. Note that there is a simple linear time algorithm
to recognise 2-track graphs. Is itN P -complete to recognise(2,2)-track graphs? Is itN P -complete to
recognise 3-track graphs? Given a vertex orderingσ of a graphG, is it N P -complete to test ifG has a
3-colouring{V1,V2,V3} such that{(V1,σ),(V2,σ),(V3,σ)} is a track layout?

References
[1] M ICHAEL O. ALBERTSON, GLENN G. CHAPPELL, HAL A. K IERSTEAD, ANDRÉ K ÜNDGEN,
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