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• Understand basics of uncertainty

• Understand random variables

• Use probability distributions to model uncertain 
random variables

• Understand basic statistical methods
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Outcomes



• Uncertainty affects system performance
• System performance in known usage can vary
• System usage itself can vary
• External factors affect system performance, and 
these often are uncertain

• How can we characterize uncertainty to help design 
robust systems?

• How do we imagine the possible?
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Uncertainty



Example
• The World Trade Center opened in 

1973 as a state-of-the-art complex 
featuring the then-tallest buildings 
in the world

• On September 11, 2001, terrorists 
flew a jet into each twin tower, 
destroying them and killing 
thousands

• The designers of the building 
system never envisioned this 
possibility, nor did anyone else until 
the terrorists did

• Extreme example of external 
factors affecting the system

• “Unknown unknown” not accounted 
for in system design

4By Michael Foran, CC BY 2.0, 
https://commons.wikimedia.org/w/index.php?curid=117
85530



• Weight of passengers on motorcycle system 
(affecting top speed, mpg)

• Battery capacity tolerance (affecting battery life 
between recharges)

• Demand at e-commerce warehouse (affecting time 
to fill orders, labor requirements, etc.)
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Other Examples



• Data-supported uncertainty
• Often, we have data from past systems that help 
us understand the uncertainty in our to-be-
designed system

• Probability and statistics can be applied
• Focus of these slides

• Uncertainty with little to no data
• You will learn about this in the course
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Types of Uncertainty



• Consider a system factor that experiences variability
• Miles per gallon of a car

• Let 𝑋𝑋 represent that variable factor, which we will call a 
random variable

• Take observations of that factor, each one 𝑥𝑥𝑖𝑖 where 𝑖𝑖
indexes the observations from 1 to some number 𝑛𝑛

• The data give us some insight into the random variable 𝑋𝑋
• Mean and spread, for example
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Random Variables



• Histograms display frequency of observations 𝑥𝑥𝑖𝑖
with different buckets or ranges of values

• Useful for large datasets
• Histograms display

• Range
• Frequency of observations in different buckets 
(i.e., estimate of likelihood)

• Rule of thumb – use approximately 𝑛𝑛 buckets 
where 𝑛𝑛 is the number of observations
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Visualizing Data with Histograms



Histograms (cont’d)
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Visualizing Data with Box Plots

• Visualizes several important 
aspects of a dataset:

• Central tendency (median 
= Q2)

• Variability (quartiles Q1 
and Q3)

• Symmetry or lack thereof 
(placement of median in 
quartile box)

• Range (min and max)
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Comparing Box Plots
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Are the plants 
producing at 
approximately the 
same quality 
level?



• What is the central tendency of the data?
• Sample mean is generally considered the most 
important measure of central tendency

• Given 𝑛𝑛 observations 𝑥𝑥1, 𝑥𝑥2, …, 𝑥𝑥𝑛𝑛

𝑥̅𝑥 =
∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖
𝑛𝑛
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Sample Mean



• Sample mean is affected by lack of symmetry
• One outlier can have a significant effect on the mean

• Sample median is considered more reliable in the sense of measuring central 
tendency without effect of outliers or significant lack of symmetry

• The median is the point at which the sample is divided into two equal halves

𝑥𝑥𝑀𝑀 = �
𝑥𝑥 𝑛𝑛+1 /2 if n odd

⁄𝑥𝑥 ⁄𝑛𝑛 2 + 𝑥𝑥 ⁄𝑛𝑛 2 +1 2 if n even

Note: x(i) is an order statistic, the ith observation when observations are ordered by 
ascending value
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Sample Median



• Variability in sample data is measured by the 
sample variance

• Goal is to understand variance (or spread)
• Given 𝑛𝑛 observations 𝑥𝑥1, 𝑥𝑥2, …, 𝑥𝑥𝑛𝑛

𝑠𝑠2 =
∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖 − 𝑥̅𝑥 2

𝑛𝑛 − 1
=
∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖2 −

∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖 2

𝑛𝑛
𝑛𝑛 − 1
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Sample Variance



• The sample standard deviation expresses variability 
in the same units as the original data

𝑠𝑠 = 𝑠𝑠2 =
∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖 − 𝑥̅𝑥 2

𝑛𝑛 − 1
=

∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖2 −
∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖

2

𝑛𝑛
𝑛𝑛 − 1
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Sample Standard Deviation



• Let 𝑌𝑌 = 𝑎𝑎0 + 𝑎𝑎1𝑋𝑋1 + 𝑎𝑎2𝑋𝑋2 + 𝑎𝑎3𝑋𝑋3 + ⋯+ 𝑎𝑎𝑚𝑚𝑋𝑋𝑚𝑚
• 𝑋𝑋𝑗𝑗 are independently distributed random variables for 𝑗𝑗 =

1 𝑡𝑡𝑡𝑡 𝑚𝑚 with mean 𝜇𝜇𝑗𝑗 and variance 𝜎𝜎𝑗𝑗2

• 𝑎𝑎𝑗𝑗 are constants for 𝑗𝑗 = 0 𝑡𝑡𝑡𝑡 𝑚𝑚

• Population mean for 𝑌𝑌
• 𝜇𝜇𝑌𝑌 = 𝑎𝑎0 + 𝑎𝑎1𝜇𝜇1 + 𝑎𝑎2𝜇𝜇2 + 𝑎𝑎3𝜇𝜇3 + ⋯+ 𝑎𝑎𝑚𝑚𝜇𝜇𝑚𝑚

• Population variance for 𝑌𝑌
• 𝜎𝜎𝑌𝑌2 = 𝑎𝑎1

2𝜎𝜎1
2 + 𝑎𝑎2

2𝜎𝜎22 + 𝑎𝑎3
2𝜎𝜎3

2 + ⋯+ 𝑎𝑎𝑚𝑚2𝜎𝜎𝑚𝑚2
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Linear Combinations of Random Variables



• If 𝑋𝑋 is a random variable

•𝑋𝑋 can be discrete, meaning it takes on a limited 
number of values (sometimes just integers within 
an interval)

•𝑋𝑋 can be continuous, meaning it takes on real 
number values in an interval (infinite number of 
possibilities)
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Types of Random Variables



• We use probability distribution functions (PDFs) with 
mathematical forms to determine the probabilities of certain 
outcomes of the random variables for our design and 
analysis purposes

• When the RVs are discrete, these are called probability mass 
functions (PMFs)

• Many mathematical PMFs and PDFs exist
• We select a mathematical PMF or PDF based on the RV 

characteristics and the data observations
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Probability Distributions



• Data is sampled from a population
• The population is all the possible observations of the system 

factor
• All possible outcomes over time of that factor
• Assume that the factor’s parameters do not change

• Let 𝑋𝑋 be a random variable representing the factor
• The probability distribution of 𝑋𝑋 relates a particular value 
𝑋𝑋 = 𝑥𝑥𝑖𝑖 to the probability of 𝑥𝑥𝑖𝑖 occurring in the population

• We use distributions to model certain occurrences
19

Probability Distributions (cont’d)



• For discrete RVs
• For a value 𝑥𝑥𝑖𝑖 in range 𝑅𝑅𝑋𝑋 of 𝑋𝑋, probability that any 𝑋𝑋 = 𝑥𝑥𝑖𝑖 is 

given by

𝑝𝑝 𝑥𝑥𝑖𝑖 = 𝑃𝑃 𝑋𝑋 = 𝑥𝑥𝑖𝑖

• For continuous RVs
• For any region 𝑟𝑟 consisting of a set of values, each in 𝑅𝑅𝑋𝑋, the 

probability of a particular value of 𝑋𝑋 = 𝑥𝑥 being in that range is 
the integral over 𝑟𝑟 of

𝑓𝑓 𝑥𝑥

• Note that 𝑝𝑝 𝑥𝑥𝑖𝑖 and 𝑓𝑓 𝑥𝑥 are characterized by parameters
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PMFs and PDFs



Visualizing PMFs and PDFs
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Probability mass function Probability density function



• The histogram of observations 𝑥𝑥𝑖𝑖 of random variable 𝑋𝑋 will 
tend to look like the pdf of 𝑋𝑋

• Aluminum contamination data with histogram and fitted PDF 
(red)

• Need more data for better fit
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PDFs and Histograms

30 30 60 63

70 79 87 90

101 102 115 118

119 119 120 125

140 145 172 182

183 191 222 244

291 511



• The cumulative density or distribution function states the probability 
that 𝑋𝑋 ≤ 𝑥𝑥 for some value 𝑥𝑥

𝐹𝐹 𝑥𝑥 = �
𝑥𝑥𝑖𝑖≤𝑥𝑥

𝑝𝑝 𝑥𝑥𝑖𝑖 for discrete 𝑋𝑋

𝐹𝐹 𝑥𝑥 = �
−∞

𝑥𝑥
𝑓𝑓 𝑥𝑥 for continuous 𝑋𝑋

• 0 ≤ 𝐹𝐹 𝑥𝑥 ≤ 1
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CDFs



Visualizing CDFs

• Probability that a random 
variable 𝑥𝑥 ≤ 𝑥𝑥0

• Discrete

𝐹𝐹 𝑥𝑥0 = �
𝑥𝑥𝑖𝑖≤𝑥𝑥0

𝑝𝑝 𝑥𝑥𝑖𝑖

• Continuous

𝐹𝐹 𝑥𝑥0 = �
−∞

𝑥𝑥0
𝑝𝑝 𝑥𝑥 𝑑𝑑𝑑𝑑

0

0.2

0.4

0.6

0.8

1

1.2

1 2 3 4

F(x)

F(x)
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• Mean 𝜇𝜇 is a measure of central tendency and is the average or expected 
value of 𝑋𝑋

𝜇𝜇 = 𝐸𝐸 𝑋𝑋 = �
∀𝑖𝑖

𝑥𝑥𝑖𝑖𝑝𝑝 𝑥𝑥𝑖𝑖 or 𝜇𝜇 = �
−∞

∞
𝑥𝑥𝑥𝑥 𝑥𝑥

• Variance is a measure of dispersion

𝜎𝜎2 = 𝐸𝐸 𝑋𝑋2 − 𝜇𝜇2

• Coefficient of variation is ratio of stdev to mean ⁄𝜎𝜎 𝜇𝜇
• CV is important since it tells us how important variability is
• Small CV means variability may not be that important
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Mean and Variance



• Let 𝑛𝑛 be the number of values of possible outcomes 𝑥𝑥𝑖𝑖

𝑝𝑝 𝑥𝑥𝑖𝑖 =
1
𝑛𝑛

• Assume integer values in the interval 𝑎𝑎, 𝑏𝑏 with no gaps

𝜇𝜇 =
𝑎𝑎 + 𝑏𝑏

2
𝜎𝜎2 =

𝑛𝑛2 − 1
12

• Parameters are 𝑎𝑎 = lower bound, 𝑏𝑏 = upper bound, 𝑛𝑛 = number of 
different values
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Discrete Uniform Distribution



• Given a time interval or an area, how many events occur, given events 
are independent of one another

• Customer arrivals per unit time

• Defects per unit area

• Number of crimes committed per unit time and area

• Parameter is 𝜆𝜆 = arrival rate > 0

• PMF is 𝑝𝑝 𝑥𝑥 = 𝑒𝑒−𝜆𝜆𝜆𝜆𝑥𝑥

𝑥𝑥!

𝜇𝜇 = 𝜆𝜆 𝜎𝜎2 = 𝜆𝜆
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Poisson Distribution



• Sum of 𝑛𝑛 Poisson random variables, each with parameter 𝜆𝜆𝑖𝑖 , is a 
Poisson RV with

𝜆𝜆 = �
𝑖𝑖=1

𝑛𝑛

𝜆𝜆𝑖𝑖

• What happens as 𝑛𝑛 gets large?  

• Via the Central Limit Theorem, the summed Poisson RV becomes 
approximately normally distributed
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Poisson Additivity



• Equally probably outcomes for 𝑥𝑥 ∈ 𝑎𝑎,𝑏𝑏

• If 𝑥𝑥 ≥ 0, can set 𝑎𝑎 ≥ 0

• PDF is 𝑓𝑓 𝑥𝑥 = �
1

𝑏𝑏−𝑎𝑎
for 𝑥𝑥 ∈ 𝑎𝑎,𝑏𝑏

0 otherwise

• CDF is 𝐹𝐹 𝑥𝑥 = �
0 for 𝑥𝑥 < 𝑎𝑎

𝑥𝑥−𝑎𝑎
𝑏𝑏−𝑎𝑎

for 𝑥𝑥 ∈ 𝑎𝑎,𝑏𝑏
1 for 𝑥𝑥 > 𝑏𝑏

𝜇𝜇 =
𝑎𝑎 + 𝑏𝑏

2
𝜎𝜎2 =

𝑏𝑏 − 𝑎𝑎 2

12
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Continuous Uniform



• Strongly related to Poisson distribution
• Can represent time between Poisson events
• Can represent time to an event (e.g., failure)
• Parameter is 𝜆𝜆 > 0
• Memoryless

𝑃𝑃 𝑋𝑋 > 𝑠𝑠 + 𝑡𝑡 𝑋𝑋 > 𝑠𝑠 = 𝑃𝑃 𝑋𝑋 > 𝑡𝑡
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Exponential Distribution



• PDF

𝑓𝑓 𝑥𝑥 = � 𝜆𝜆𝑒𝑒
−𝜆𝜆𝜆𝜆 for 𝑥𝑥 ≥ 0

0 otherwise

• CDF

𝐹𝐹 𝑥𝑥 = � 0 for 𝑥𝑥 < 0
1 − 𝑒𝑒−𝜆𝜆𝜆𝜆 for 𝑥𝑥 ≥ 0

• Mean and variance

𝜇𝜇 =
1
𝜆𝜆

𝜎𝜎2 =
1
𝜆𝜆2
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Exponential PDF, CDF, Mean, Variance



• Sum of different “component” RVs (via Central Limit 
Theorem)

• Parameters 𝜇𝜇 and 𝜎𝜎
• Symmetric around mean

• Standard normal conversion Φ 𝑥𝑥−𝜇𝜇
𝜎𝜎

• Has unbounded tails, so may not be appropriate for factors 
that have upper or lower limits (e.g., only positive values)
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Normal Distribution



Triangular Distribution

• Commonly used in simulation
• Parameters

𝑎𝑎 = lower bound
𝑏𝑏 = mode

𝑐𝑐 = upper bound

• Useful in case of no data, only 
expert opinion

• PDF

33

a b c



• PDF

𝑓𝑓 𝑥𝑥 =

2 𝑥𝑥 − 𝑎𝑎
𝑏𝑏 − 𝑎𝑎 𝑐𝑐 − 𝑎𝑎

for 𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏

2 𝑐𝑐 − 𝑥𝑥
𝑐𝑐 − 𝑏𝑏 𝑐𝑐 − 𝑎𝑎

for 𝑏𝑏 < 𝑥𝑥 ≤ 𝑐𝑐

0 otherwise
• CDF

𝐹𝐹 𝑥𝑥 =

0 for 𝑥𝑥 ≤ 𝑎𝑎
𝑥𝑥 − 𝑎𝑎 2

𝑏𝑏 − 𝑎𝑎 𝑐𝑐 − 𝑎𝑎
for 𝑎𝑎 < 𝑥𝑥 ≤ 𝑏𝑏

1 −
𝑐𝑐 − 𝑥𝑥 2

𝑐𝑐 − 𝑏𝑏 𝑐𝑐 − 𝑎𝑎
for 𝑏𝑏 < 𝑥𝑥 ≤ 𝑐𝑐

1 for 𝑥𝑥 > 𝑐𝑐
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Triangular PDF and CDF



•𝜇𝜇 = 𝑎𝑎+𝑏𝑏+𝑐𝑐
3

•𝜎𝜎2 = 𝑎𝑎2+𝑏𝑏2+𝑐𝑐2−𝑎𝑎𝑎𝑎−𝑎𝑎𝑎𝑎−𝑏𝑏𝑏𝑏
18
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Triangular Mean and Variance



• Continuous PDF with lower bound 𝑎𝑎, mode 𝑏𝑏 and 
upper bound 𝑐𝑐

• Often used in project management for time 
durations

• Not as commonly used in simulation
• Based on beta distribution

𝜇𝜇 =
𝑎𝑎 + 4𝑏𝑏 + 𝑐𝑐

6
𝜎𝜎2 =

𝜇𝜇 − 𝑎𝑎 𝑐𝑐 − 𝜇𝜇
7
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PERT Distribution



• Erlang
• Lognormal
• Weibull
• Beta
• Gamma
• Pearson

• More complex functional forms and parameter sets
• Typically need data to fit one of these
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Other Distributions



Distribution Applications
Uniform Random variable when only lower and upper bounds known

Equally likely values within an interval
Task times
Counts (discrete)

Triangular Random variable when lower bound, upper bound and mode are 
known
Task times

Poisson Number of arrivals per time interval
Number of defects per unit product

Normal Population variables, sums of RVs (CLT)
Measurements (e.g, length)
Task times (composed of sum of many steps)

Exponential Reliability / time to failure (constant failure rate over time)
Interarrival times
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Common Distributions



Distribution Applications
Gamma Task times

Time to failure
Erlang Sum of exponential variables

Task times with multiple phases
Failure times with redundant components

Weibull Task times
Time to failure

Lognormal Task times
Time to failure

Pert Task times in bounded range with limited information
Beta Task times in bounded range
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Less Common Distributions



• Model development is an iterative process
• Start simple with a prototype
• Insert simple, limited data distributions at first

• Triangular
• Uniform
• Exponential and Poisson

• As model is refined, collect data and fit distributions 
for better accuracy
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Simulation Models and Distributions



• We typically have many random variables as inputs into our 
simulation models

• We care about outputs (performance)

• These are complex functions of input random variables

• Outputs are also … random variables!

• How do we estimate their means and variance?

41

Input-Output



• Estimator: 
• Any function of a random sample, which is used to estimate population 

parameters

• Point estimate: 
• A single numerical value as the estimate of the unknown parameter

• Interval estimate: 
• A random interval (or called confidence interval) in which the true value of the 

parameter falls with some level of probability

42

Estimation Terminology



• Estimators are themselves random variables
• 𝜇̂𝜇 = (𝑥𝑥1+𝑥𝑥2 + ⋯+ 𝑥𝑥𝑛𝑛)/𝑛𝑛 = 𝑥̅𝑥

• �𝜎𝜎2 = 1
𝑛𝑛−1

∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖 − 𝑥̅𝑥 2 = 𝑠𝑠2

• �𝜎𝜎 = 𝑠𝑠/𝑐𝑐4 (best)
• �𝜎𝜎 = 𝑅𝑅/𝑑𝑑2 (easy to calculate)

• Desired properties
• Unbiased – the expected value of the estimate should equal the parameter 

being estimated
• Minimum variance – the estimator should have the smallest variance among 

all possible estimators
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Point Estimation



Distribution Parameter Estimator

Normal 𝜇𝜇
𝜇̂𝜇 =

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑥𝑥𝑖𝑖 = 𝑥̅𝑥

𝜎𝜎 2
�𝜎𝜎2 =

1
𝑛𝑛 − 1

�
𝑖𝑖=1

𝑛𝑛

𝑥𝑥𝑖𝑖 − 𝑥̅𝑥 2 = 𝑠𝑠2

𝜎𝜎 It turns out that 𝑠𝑠 is not an unbiased estimator for 𝜎𝜎.  Two 
alternatives:
• �𝜎𝜎 = 𝑠𝑠/𝑐𝑐4 (best)
• �𝜎𝜎 = 𝑅𝑅/𝑑𝑑2 (easy to calculate)

Poisson 𝜆𝜆
𝜆̂𝜆 =

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑥𝑥𝑖𝑖 = 𝑥̅𝑥

Binomial 𝑝𝑝 𝑝̂𝑝 = 1
𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑥𝑥𝑖𝑖 = 𝑥̅𝑥, where 𝑥𝑥𝑖𝑖 ∈ 0,1 ∀ 𝑖𝑖
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Estimators for Common Distributions

Note: 𝑅𝑅 = range = max
𝑖𝑖

𝑥𝑥𝑖𝑖 − min
𝑖𝑖

𝑥𝑥𝑖𝑖 .  Values of 𝑐𝑐4 and 
𝑑𝑑2 are in Appendix VI in the book for various values of 𝑛𝑛



• What is an interval that contains the true value of a 
parameter with some confidence 100 1 − 𝛼𝛼 %?

• Upper limit
• Lower limit
• Both these are statistics
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Confidence Interval Concepts



Confidence Interval Interpretation

• Calculate a 95% CI for 𝜇𝜇 based on a 
sample of 4 observations.

• Collect 100 samples and compute 
sample means for each

• Compute 100 CIs 
• (0.85,1.15), (0.8, 1.1), (0.9,1.0),…
• Some of those computed CIs may 

contain the true mean, and some may not 
contain the true mean

• “95% confidence”  means that in the 
long run, 95% of all computed CIs will 
contain the true mean µ. 

• In other words, 5% of these computed CIs 
will not trap the true mean

46
True value of µ

Interval
1
2
3
4
5
6
7
8
9
10

x
x

x

x
x

x
x

x
x

�𝒙𝒙

x



• Mean
• Normally distributed data

• Known 𝜎𝜎→ use Normal distribution
• Unknown 𝜎𝜎→ use 𝑡𝑡 distribution

• Non-normal data with large sample size (𝑛𝑛 > 30)
• Known/unknown 𝜎𝜎→ use Normal distribution 
• (based on central limit theorem)

• Variance 
• Normally distributed data → use Chi-Square distribution
• Won’t cover in this class
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Confidence Interval Estimation



CI for Mean of Normal Population

• Two-sided (1 - ∝)*100% confidence 
interval

• Mean 𝜇𝜇 of normal population

• Variance 𝜎𝜎2 known

• 𝑥𝑥1,𝑥𝑥2,⋯𝑥𝑥𝑛𝑛~𝑁𝑁𝑁𝑁𝑁𝑁 𝜇𝜇,𝜎𝜎2

• 𝑥̅𝑥~𝑁𝑁 𝜇𝜇, 𝜎𝜎
2

𝑛𝑛
by CLT

• 𝑥̅𝑥−𝜇𝜇
⁄𝜎𝜎 𝑛𝑛

~𝑁𝑁 0, 1 by transform

• Note: This CI can be used for mean of non-
normal distributions when 𝑛𝑛 > 30
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• One-sided (1 - ∝)*100% confidence interval

• Mean 𝜇𝜇 of normal population with variance 𝜎𝜎2 known
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CI for Mean of Normal Population
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• The strength of a disposable plastic beverage container is being 
investigated.  The strengths are normally distributed, with a known 
standard deviation of 15 psi.   A sample of 20 plastic containers has 
a mean strength of 246 psi.  Compute the 95% two-sided CI for the 
process mean.

• 𝑥̅𝑥 = 246,𝜎𝜎 = 15,𝑛𝑛 = 20,𝛼𝛼 = 0.05

• 𝑍𝑍 ⁄𝛼𝛼 2 = Φ−1 0.975 = 1.96

• 95% Confidence interval for 𝜇𝜇

• 𝑥̅𝑥 − 𝑍𝑍 ⁄𝑎𝑎 2
𝜎𝜎
𝑛𝑛
≤ 𝜇𝜇 ≤ 𝑥̅𝑥 + 𝑍𝑍 ⁄𝑎𝑎 2

𝜎𝜎
𝑛𝑛

• 𝑥̅𝑥 ± 𝑍𝑍 ⁄𝑎𝑎 2
𝜎𝜎
𝑛𝑛

= 246 ± 1.96 15
20

= 246 ± 6.57
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CI with Known 𝜎𝜎 Example



Normal Table Look-up
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CI for Mean of Normal Population

• Two-sided (1 - ∝)*100% 
confidence interval

• Mean 𝜇𝜇 of normal population

• Variance 𝜎𝜎2 unknown

• 𝑥𝑥1, 𝑥𝑥2,⋯𝑥𝑥𝑛𝑛~𝑁𝑁𝑁𝑁𝑁𝑁 𝜇𝜇,𝜎𝜎2

• 𝑥̅𝑥−𝜇𝜇
⁄𝑠𝑠 𝑛𝑛

~𝑡𝑡(𝑛𝑛 − 1)

• Note: 
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t Table Look-up
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• One-sided (1 - ∝)*100% confidence interval

• Mean 𝜇𝜇 of normal population

• Variance 𝜎𝜎2 unknown

• 𝑥̅𝑥 and 𝑠𝑠 are based on sample data from the normal population

• One-sided upper confidence limit

• 𝜇𝜇 ≤ 𝑥̅𝑥 + 𝑡𝑡𝛼𝛼,𝑛𝑛−1
𝑠𝑠
𝑛𝑛

• Lower confidence limit

• 𝜇𝜇 ≥ 𝑥̅𝑥 − 𝑡𝑡𝛼𝛼,𝑛𝑛−1
𝑠𝑠
𝑛𝑛
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CI for Mean of Normal Population



• Suppose the mean load at failure from a tensile adhesion test is 13.71 
Mpa, with 𝑠𝑠 = 3.55 and 𝑛𝑛 = 21.  

• What is a two-sided 95% confidence interval for the mean?

• 𝑥̅𝑥 ± 𝑡𝑡 ⁄𝛼𝛼 2,𝑛𝑛−1
𝑠𝑠
𝑛𝑛

= 13.71 ± 𝑡𝑡0.025,21−1
3.55
21

= 13.71 ± 2.086 0.775 =

12.09,15.33
• What is a one-sided 95% confidence interval lower limit for the mean?

• 𝑥̅𝑥 − 𝑡𝑡𝛼𝛼,𝑛𝑛−1
𝑠𝑠
𝑛𝑛

= 13.71 − 𝑡𝑡0.05,21−1
3.55
21

= 13.71 − 1.725 0.775 =

12.37
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CI with Unknown 𝜎𝜎 Example



• Drawing a conclusion based on statistical inference

• Closely related to confidence intervals

• Designing the hypothesis and test
• State null hypothesis H0

• Frame alternate hypothesis H1 relative to goal of study (one-sided versus two-sided)
• Determine sample size 𝑛𝑛 and level of significance 𝛼𝛼
• Determine test statistic
• Find the distribution of the test statistic and the rejection region of H0

• Example: design & perform a test on the mean of a normal distribution with 𝜎𝜎2 = 4
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Hypothesis Testing
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• Once the test is designed, perform it
• Collect sample data and calculate the test statistic using the sample

• Compare the test statistic of the sample with the rejection region

• Make the decision and assess the risk

• Example (cont’d)
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Hypothesis Testing (cont’d)
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• Hypothesis testing in science is similar to the criminal court system in the United States.  How do we decide 
guilt? 

• Assume innocence (𝐻𝐻0) until “proven” guilty (reject 𝐻𝐻0)
• Evidence is presented at a trial (sample)
• Proof has to be “beyond a reasonable doubt” (statistical inference)
• Show strong evidence to “prove” guilty (reject 𝐻𝐻0)

• A jury's possible decision: 
• Guilty (reject 𝐻𝐻0)
• Not guilty (cannot reject 𝐻𝐻0)

• Note that a jury cannot declare somebody “innocent” 

• A jury can only say “not guilty” 

• What are the risks?
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Hypothesis Testing Analogy



• Reject 𝐻𝐻0 when it is true (convict when innocent)
• Type I error

• 𝛼𝛼 = 𝑃𝑃 type I error = 𝑃𝑃 reject 𝐻𝐻0|𝐻𝐻0 is true

• Fail to reject 𝐻𝐻0 when it is false (find not guilty when guilty)
• Type II error

• 𝛽𝛽 = 𝑃𝑃 type II error = 𝑃𝑃 do not reject 𝐻𝐻0|𝐻𝐻0 is false

• Power of test = 1 − 𝛽𝛽 = 𝑃𝑃 reject 𝐻𝐻0|𝐻𝐻0 is false
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Type I and Type II Errors



• Rejection region
• Compute test statistic and cut-off value
• Reject 𝐻𝐻𝑜𝑜 if test statistic beyond cut-off

• Confidence interval
• Compute test statistic and confidence interval
• Reject 𝐻𝐻𝑜𝑜 if hypothesized parameter value not in CI

• p-value
• Compute probability of test statistic value given 𝐻𝐻𝑜𝑜
• Reject 𝐻𝐻𝑜𝑜 if this probability is too small
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Methods for Hypothesis Testing



• Two means are equal versus not equal
• Comparing performance of two system designs

• One mean is better than another
• Once again comparing performance of two system designs

• There are statistical methods to do this, but we will not address them 
in the class

• Rather, we will find the optimal performance over many possible 
system designs!
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Typical Tests



• Can a performance attribute be posed as a function of different predictor 
variables

• 𝑦𝑦 = 𝛽𝛽0 + 𝛽𝛽1𝑥𝑥1 + 𝛽𝛽2𝑥𝑥2 + ⋯𝛽𝛽𝑘𝑘𝑥𝑥𝑘𝑘 + 𝜀𝜀

• Components
• 𝑦𝑦 is the response variable (dependent variable)
• 𝑥𝑥𝑗𝑗 are the predictor variables (independent variables)

• 𝛽𝛽𝑗𝑗 are the regression coefficients (constant parameters)
• 𝛽𝛽0 is the intercept term
• 𝜀𝜀~𝑁𝑁 0,𝜎𝜎2 is the random error component

• Note:  The regression equation is linear in 𝛽𝛽𝑗𝑗 , so 𝑥𝑥𝑗𝑗 can be polynomial functions

• Use regression to predict output (performance values) based on inputs 
(controllable factors or design variables)

62

Linear Regression



Regression Data Sampling

• i = 1, 2, …, n samples
• Each sample has one 

response variable and 𝑘𝑘
predictor variables

• Resulting equations
• 𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + 𝛽𝛽1𝑥𝑥𝑖𝑖𝑖 + 𝛽𝛽2𝑥𝑥𝑖𝑖𝑖 +
⋯𝛽𝛽𝑘𝑘𝑥𝑥𝑖𝑖𝑖𝑖 + 𝜀𝜀𝑖𝑖

• 𝑦𝑦𝑖𝑖 = 𝛽𝛽0 + ∑𝑗𝑗=1𝑘𝑘 𝛽𝛽𝑗𝑗𝑥𝑥𝑖𝑖𝑖𝑖 + 𝜀𝜀𝑖𝑖
• 𝐲𝐲 = 𝐗𝐗𝜷𝜷 + 𝜺𝜺
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• Minimize the sum of errors squared
• Min ∑𝑖𝑖=1𝑛𝑛 𝜀𝜀𝑖𝑖2 = ∑𝑖𝑖=1𝑛𝑛 𝑦𝑦𝑖𝑖 − 𝛽𝛽0 − ∑𝑗𝑗=1𝑘𝑘 𝛽𝛽𝑗𝑗𝑥𝑥𝑗𝑗

2

• Solve for 𝛽𝛽’s
• Solving these equations yields

•𝐗𝐗′𝐗𝐗�𝜷𝜷 = 𝐗𝐗′𝐲𝐲
• �𝜷𝜷 = 𝐗𝐗′𝐗𝐗 −1𝐗𝐗′𝐲𝐲

• Fitted regression model
• �𝐲𝐲 = 𝐗𝐗�𝜷𝜷
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Method of Least Squares



• Residuals
•𝐞𝐞 = 𝐲𝐲 − �𝐲𝐲

• Sum of squares of residuals
•𝑆𝑆𝑆𝑆𝐸𝐸 = 𝐲𝐲′𝐲𝐲 − �𝜷𝜷′𝐗𝐗′𝐲𝐲

• Estimating variance
•𝐸𝐸 𝑆𝑆𝑆𝑆𝐸𝐸 = 𝜎𝜎2 𝑛𝑛 − 𝑝𝑝 where 𝑝𝑝 = 𝑘𝑘 + 1
• �𝜎𝜎2 = 𝐸𝐸 𝑆𝑆𝑆𝑆𝐸𝐸

𝑛𝑛−𝑝𝑝
is an unbiased estimator
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Residuals



• Sum of squares
• 𝑆𝑆𝑆𝑆𝑇𝑇 = 𝑆𝑆𝑆𝑆𝑅𝑅 + 𝑆𝑆𝑆𝑆𝐸𝐸

• Hypotheses

• 𝐻𝐻0: 𝛽𝛽𝑗𝑗 = 0 ∀𝑗𝑗

• 𝐻𝐻1: 𝛽𝛽𝑗𝑗 ≠ 0 for some 𝑗𝑗

• Test statistic 𝐹𝐹0 = ⁄𝑆𝑆𝑆𝑆𝑅𝑅 𝑘𝑘
⁄𝑆𝑆𝑆𝑆𝐸𝐸 𝑛𝑛−𝑘𝑘−1

= 𝑀𝑀𝑀𝑀𝑅𝑅
𝑀𝑀𝑀𝑀𝐸𝐸

~𝐹𝐹𝑘𝑘,𝑛𝑛−𝑘𝑘−1

• Reject 𝐻𝐻0 if 𝐹𝐹0 > 𝐹𝐹𝛼𝛼,𝑘𝑘,𝑛𝑛−𝑘𝑘−1

• Reject 𝐻𝐻0 if the variation due to regression is substantially greater 
than that due to randomness
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Hypothesis Testing



• Percent reduction in variance from regression coefficients

• 𝑅𝑅2 = 𝑆𝑆𝑆𝑆𝑅𝑅
𝑆𝑆𝑆𝑆𝑇𝑇

= 1 − 𝑆𝑆𝑆𝑆𝐸𝐸
𝑆𝑆𝑆𝑆𝑇𝑇

• How well does the model explain the variation
• Adjusted by number of regression terms

• 𝑅𝑅𝑎𝑎𝑎𝑎𝑎𝑎2 = 1 − ⁄𝑆𝑆𝑆𝑆𝐸𝐸 𝑛𝑛−𝑝𝑝
⁄𝑆𝑆𝑆𝑆𝑡𝑡 𝑛𝑛−1

= 1 − 𝑛𝑛−1
𝑛𝑛−𝑝𝑝

1 − 𝑅𝑅2

• With enough terms, 𝑅𝑅2 → 1
• 𝑅𝑅𝑎𝑎𝑎𝑎𝑎𝑎2 compensates for the number of terms

• If 𝑅𝑅𝑎𝑎𝑎𝑎𝑎𝑎2 ≪ 𝑅𝑅2, the model has too many insignificant terms
67

Other Measures of Model Fit



Regression Example

• The brake horsepower 
developed by an automobile 
engine on a dynamometer is 
thought to be a function of:

• the engine speed in revolutions 
per minute (rpm)

• the road octane number of the fuel
• the engine compression. 

• An experiment is run in the 
laboratory
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• Fit a regression model to the data
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Regression Example (cont’d)



• Test for overall significance
•𝐹𝐹0 = 11.12
•𝐹𝐹0.05,𝑘𝑘,𝑛𝑛−𝑘𝑘−1 = 𝐹𝐹0.05,3,8 = 4.07

• Test for individual term significance
• P-values are all < 0.05
•𝑅𝑅2 = 0.807
•𝑅𝑅𝑎𝑎𝑎𝑎𝑎𝑎2 = 0.734
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Regression Example (cont’d)



• Understand basics of uncertainty

• Understand random variables

• Use probability distributions to model uncertain 
random variables

• Understand basic statistical methods

71

Wrap-Up
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