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Abstract

Physics-informed neural networks (PINNs) have
emerged as a new learning paradigm for solv-
ing partial differential equations (PDEs) by enforc-
ing the constraints of physical equations, boundary
conditions (BCs), and initial conditions (ICs) into
the loss function. Despite their successes, vanilla
PINNSs still suffer from poor accuracy and slow
convergence due to the intractable multi-objective
optimization issue. In this paper, we propose a
novel Dual-Balanced PINN (DB-PINN), which dy-
namically adjusts loss weights by integrating inter-
balancing and intra-balancing to alleviate two im-
balance issues in PINNs. Inter-balancing aims
to mitigate the gradient imbalance between PDE
residual loss and condition-fitting losses by deter-
mining an aggregated weight that offsets their gra-
dient distribution discrepancies. Intra-balancing
acts on condition-fitting losses to tackle the imbal-
ance in fitting difficulty across diverse conditions.
By evaluating the fitting difficulty based on the loss
records, intra-balancing can allocate the aggregated
weight proportionally to each condition loss ac-
cording to its fitting difficulty level. We further in-
troduce a robust weight update strategy to prevent
abrupt spikes and arithmetic overflow in instanta-
neous weight values caused by large loss variances,
enabling smooth weight updating and stable train-
ing. Extensive experiments demonstrate that DB-
PINN achieves significantly superior performance
than those popular gradient-based weighting meth-
ods in terms of convergence speed and prediction
accuracy. Our code and supplementary material
are available at https://github.com/chenhong-zhou/
DualBalanced-PINNs.

1 Introduction

Accurately and efficiently solving the partial differential
equations (PDEs) governing physical systems provides sig-
nificant advantages for understanding their spatiotemporal
evolution [Karniadakis et al., 2021; Wandel et al., 2022;
Wei et al., 2024]. In recent years, physics-informed neural
networks (PINNs) [Raissi et al., 2019] have emerged as a
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new learning paradigm for solving PDEs. PINNs enforce the
network to satisfy the constraints given by the PDE:s, initial
conditions (ICs), and boundary conditions (BCs) via mini-
mizing a composite loss function. The loss in PINNs typi-
cally comprises a PDE residual loss evaluated on a sample
of scattered interior points (referred to as collocation points),
and loss terms for initial and boundary points. In addition, a
prominent advantage of PINNS is seamless integration of ob-
servational data with physical laws. This integration bridges
the gap between data-driven learning and physics-driven
learning, thereby offering a powerful framework for a wide
range of scientific applications [Karniadakis et al., 2021;
Shi et al., 2021; Meng et al., 2022; Ashraf et al., 2024;
Li et al., 2024; Chu et al., 2024]. However, PINNs some-
times have been found to perform poorly and even fail to
converge, especially when solving stiff PDEs whose solu-
tions exhibit fast-paced spatial-temporal transitions [Krish-
napriyan et al., 2021; Kim er al., 2021; Wang et al., 2022].
Previous studies have revealed that a leading cause of failure
is attributed to the imbalanced multi-objective loss optimiza-
tion [Wang er al., 2022; 2021]. Typically, the PDE residual
loss dominates the total training process and converges faster,
while certain condition-fitting losses (collectively referring to
the loss terms of IC, BCs, observations, etc.) suffer from
vanishing back-propagated gradients [Wang er al., 2022;
2021]. The trained model is strongly biased toward yielding
a solution with a small PDE residual error, ignoring the ac-
curate fitting of initial and boundary conditions. This is why
PINNS often fail to learn the correct solution.

Numerous studies have made efforts to balance the inter-
play between different terms in the composite loss function
by tuning weights for loss components [Groenendijk ef al.,
2021; Dashtbayaz er al., 2024; Song et al., 2024]. Wang et
al. [Wang et al., 2021] propose to dynamically tune weights
based on the mean magnitude of the backpropagated gradi-
ents of the loss function. This work serves as a foundational
contribution, inspiring many follow-up dynamic weighting
methods based on different gradient statistics, e.g., standard
deviation [Maddu et al., 2022], kurtosis [Vemuri and Den-
zler, 2023], and Euclidean norms [Deguchi and Asai, 2023].
These gradient statistics-based weighting methods can allevi-
ate the dominance of PDE residual loss by emphasizing the
contributions of condition-fitting losses. Specifically, they
consider the PDE residual loss as a baseline and assign the
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weights to condition-fitting losses by relating each condition-
fitting loss’s gradients to the PDE residual loss’s gradients, in
order to mitigate the gradient imbalance. However, we no-
tice that these methods are merely based on the pairwise rela-
tionship between the PDE residual and each condition-fitting
loss. They ignore the intra-relations within condition losses
and do not consider the difficulty imbalance for fitting differ-
ent conditions. This imbalance in condition-fitting difficulty
leads to consistently excessive emphasis on easier conditions,
thereby neglecting and slowing progress on fitting difficult
conditions. Consequently, the model converges slowly and is
easily stuck in a local minimum.

To address these issues, we propose a novel Dual-Balanced
PINN (DB-PINN), which dynamically adjusts the weights
to balance the training process of PINNs. Our proposed
DB-PINN integrates inter- and intra-balancing to simul-
taneously alleviate the imbalance in gradient flow between
the governing PDE and enforced conditions at the gradient
level as well as the imbalance in the condition-fitting dif-
ficulty at the loss-scale level. Specifically, inter-balancing
characterizes the relationship between PDE residual loss and
all condition-fitting losses based on the gradient statistics of
backpropagation to obtain an aggregated weight. On the
other hand, intra-balancing aims to evaluate the fitting dif-
ficulty of each condition based on its training losses and
then allocate the aggregated weight proportionally to these
condition-fitting losses. Hence, intra-balancing prevents un-
necessary emphasis on fitting easier conditions and allocates
larger weights to difficult conditions to accelerate their con-
vergence. Ultimately, the model balances the contributions
of PDE residual and condition constraints and also balances
the convergence rates among diverse conditions to ensure that
their losses converge to an identical level.

Moreover, we observe that the learned weights at each
epoch/batch during training are influenced by the stochastic
nature of gradient descent updates, resulting in large vari-
ance. Instantaneous weight values could suddenly spike, pos-
ing a risk of arithmetic overflow. To address this issue, we
propose a robust and smooth weight update strategy using
Welford’s online algorithm [Welford, 1962]. The proposed
update strategy effectively resists large training variances and
significantly reduces sharp fluctuations in weight values for
smooth weight updating and stable training.

Extensive experiments are performed on several PDE
benchmarks to validate the effectiveness of the proposed
method. Experimental results show that DB-PINN outper-
forms popular gradient statistics-based methods by a signifi-
cant margin in both convergence rate and prediction accuracy.

2 Background and Related Work

Physics-Informed Neural Networks (PINNs) The core
idea of PINNs [Raissi et al., 2019] is to learn the approxi-
mate solution 7y(x,t) by constructing a neural network with
parameters 6 for solving the following general PDE:

Ny tlu(x,t)] = f(x,1), x€eN, tel0,T);
By i[u(x,t)] = g(x,1), x €00, t€[0,T);
u(x,0) = h(x), x €,
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where x and ¢ are the spatial vector variable and time coor-
dinates, respectively, €2 is a bounded spatial domain with the
boundary 99, u(x, t) is the latent solution to the PDE, N ;
and By, are spatial-temporal differential operators. f(x,t),
g(x,t), and h(x) are the forcing function, boundary con-
dition, and initial condition functions, respectively. To en-
force the approximate solutions satisfying the PDE structure,

a set of collocation points {(x}, tf)}i\il are randomly sam-

pled within the entire spatio-temporal domain (2 x [0, T7]) to
compute the PDE residual loss:

N,
1 e

£7(0) = 5 D IWaealio (], )] = FxEDIP (1)
"=l

Accordingly, initial and boundary conditions are enforced
into the network training by calculating the mean squared loss
on the initial and boundary points, respectively. The overall
loss function of PINNs can be written as below:

Etotal(a) _ )\T,CT(Q) + )\bcﬁbc(g) + /\ic‘cic(g)7 (2)
where A", AP, A\ are loss weights that control the interplay
between different loss terms. Observational data can be in-
troduced into Equation (2) so that PINNs can be applied for
solving inverse problems to estimate unknown PDE parame-
ters. Since the inception of PINNs, a wealth of research has
been dedicated to improving the performance of PINNs by
adaptively resampling collocation points [Wu et al., 2023;
Yang et al., 2023; Daw et al., 2023; Zhou et al., 2024],
designing novel activation functions [Jagtap et al., 2020;
Gnanasambandam et al., 2023], and proposing different loss
weighting strategies [Liu and Wang, 2021; Xiang et al., 2022;
Perez et al., 2023].

Prior Work on Dynamic Weighting Methods for PINNs
The loss function in the original formulation of PINNs is
composed of an unweighted linear combination of multiple
loss components (i.e., all weights set to 1). This approach, re-
ferred to as equal weighting (EW), serves as a common base-
line, but this baseline often suffers from poor accuracy and
slow convergence. Undoubtedly, manually adjusting weights
is time-consuming and tedious. Therefore, numerous studies
have investigated dynamic weighting methods to adaptively
allocate appropriate weights to individual loss components.
According to different ways of generating loss weights, ex-
isting weighting methods can be mainly categorized into two
types: the learning approach and the calculating approach.
The learning approach considers the loss weights as learn-
able parameters and optimizes them together with network
parameters, such as the uncertainty weighting (UW) [Xiang et
al., 2022] and SA-PINN [McClenny and Braga-Neto, 2020].
However, the learning approach faces the challenges of in-
creased optimization complexity.

The calculating approach directly computes the weights by
analyzing the backpropagation gradient dynamics [Wang et
al., 2021; Maddu et al., 2022] or through the lens of the neu-
ral tangent kernel (NTK) theory [Wang et al., 2022]. Specif-
ically, Wang et al. [Wang et al., 2021] observe that the gra-
dients of PDE residual loss generally attain larger values than
the gradients of BC loss and IC loss. Based on such findings,
they assign appropriate weights to condition-fitting losses to
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Figure 1: Illustration of the proposed DB-PINN. The flow of different losses is represented via different colors (PDE residual loss: blue; IC
loss: purple; BC loss: green). The yellow dashed box signifies inter-balancing, where the gradients (V) of each loss are first calculated,
and then gradient distribution discrepancies are evaluated by the ratio (/) of Vo L" to VoL* under certain gradient statistical metrics. Total
gradient ratio G, also considered as the aggregated weight, is computed by a summation (> ). The pink dashed box signifies intra-balancing,
where BC and IC losses are used to calculate their difficulty indexes (i.e., Z° and Z°°). The gray arrow implies that we sort condition losses
by fitting difficulty, and finally, the aggregated weight can be proportionally allocated to BC and IC losses to derive their respective weights.

achieve comparable gradient magnitudes and rewrite the total
loss as follows:

M
L 0) = L£7(0) + Y NL(0). 3)
i=1

The PDE residual loss £ is considered a reference line,
and the weight \! of each condition loss £’ can be com-
puted based on the ratio of gradient magnitude differences
(IVoL"|/|VoL?|). This work pioneers an effective and im-
pactful weighting method based on backpropagation gradi-
ents. Hereafter, several works followed it to utilize and com-
bine different gradients’ statistical metrics, such as standard
deviation [Maddu et al., 2022], kurtosis [Vemuri and Den-
zler, 20231, and Euclidean norms [Deguchi and Asai, 20231,
in order to offer more informative indications of gradient dis-
tributions to derive optimal weights. However, this class of
gradient statistics-based weighting methods is based on the
pairwise relation between £” and each £?, which ignores the
intra-relations between £ and £7 (i # j # r,and i,j € M)
and does not consider diverse fitting difficulties for different
conditions. This class of weighting approach would result
in vanishing losses consistently being assigned large weights,
thereby biasing the training process towards optimizing eas-
ily fitting conditions excessively, while neglecting the slow
progress on fitting difficult conditions.

3 Dual-Balanced PINN (DB-PINN)

To address the above issues, we propose DB-PINN by con-
sidering the multi-objective optimization in PINNs as two
main training goals: (1) balancing the training between the
dominant PDE residual loss and condition-fitting losses via
inter-balancing, and (2) balancing the training to learn mul-
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tiple conditions with diverse fitting-difficulty levels via intra-
balancing. Furthermore, a robust weight update strategy is
introduced for smooth weight updating and stable training.
The proposed DB-PINN integrates inter-balancing and
intra-balancing mechanisms to achieve the above two train-
ing goals. Specifically, inter-balancing aims to mitigate the
gradient imbalance between the PDE residual loss and all
condition-fitting losses based on gradient statistics by mea-
suring the discrepancies between their gradient distributions.
Meanwhile, intra-balancing acts between condition-fitting
losses to alleviate the imbalance of fitting difficulty by as-
signing their weights proportionally to the degree of fitting
difficulty. The proposed DB-PINN is illustrated in Figure 1.

3.1 Inter-Balancing Between PDE Residual Loss
and Condition-Fitting Losses

Previous studies [Wang et al., 2022; Krishnapriyan et al.,
2021; Wang et al., 2021] have revealed that the PDE residual
loss generally exhibits dominance over the other loss terms,
and this training imbalance severely hinders the training con-
vergence and predictive accuracy of PINNs. To mitigate this
imbalanced training, we first employ gradient statistics-based
weighting methods to capture the gradient distribution dis-
crepancies between PDE residual loss and every condition
loss. Next, the overall gradient discrepancies can be de-
rived by a summation. Thus, the tofal gradient ratio can be
computed and considered as an aggregated weight. Specif-
ically, we formulate the calculation procedure of the aggre-
gated weight by adopting the mean magnitude of gradients
(i.e., mean [Wang et al., 2021]) as a statistic:

M T
gzzmaxﬂVgE [} @

—~ VAL
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where Vj denotes the gradient vector of the loss with re-
spect to network parameters 6, |-| is the element-wise ab-
solute value of the gradient vector, max denotes the maxi-
mum magnitude of gradients, and the overbar refers to the
mean value of the gradient magnitudes. Equation (4) shows
that the total gradient ratio is the sum of the maximum mag-
nitude of the PDE residual loss’s gradients divided by the
mean magnitude of each weighted condition loss’s gradi-
ents. Here the discrepancies in gradient distributions are mea-
sured by the mean magnitude which can be replaced by other
statistical measures, such as standard deviation (std), kur-
tosis, etc [Maddu et al., 2022; Vemuri and Denzler, 2023;
Deguchi and Asai, 2023]. As the aggregated weight charac-
terizes the holistic relations between the PDE and conditions,
it will be reallocated to each condition-fitting loss via intra-
balancing among condition-fitting losses.

3.2 Intra-Balancing Among Condition-Fitting
Losses

We further introduce intra-balancing among condition-fitting
losses to encourage the model to prioritize fitting diffi-
cult conditions and prevent the continual over-allocation of
learning resources to easy conditions. First, we define the
condition-fitting loss vector £, = [C',...,LM]T e RY,
where the subscript ¢ is the time step and the superscript de-
notes the ¢-th condition-fitting loss. To measure the model’s
fitting progress for different conditions, we introduce a diffi-
culty index 7 which is defined as:

T=L )
B,
where L, is the observed condition-fitting losses at time step
t, and puz, is the average of the observed losses up to time ¢.
The difficulty index Z; for the i-th condition reflects its in-
verse training rate, and thus it quantifies the fitting difficulty
for the i-th condition. A larger value of Z} corresponds to a
slower training rate, which indicates higher difficulty in fit-
ting the i-th condition. Correspondingly, this condition loss
should be assigned a larger weight. Therefore, we can allo-
cate the aggregated weight proportionally to each condition-
fitting loss based on the degree of fitting difficulty:
. T
No=_———1t _ x
ST
In this way, conditions with high fitting difficulty will be as-
signed large weights, as their entries in the difficulty indexes
account for a substantial proportion. This weighting way for
condition-fitting losses ensures that challenging conditions
(high fitting difficulty) receive more attention, preventing an
excessive focus on easier conditions. Hence, all condition-
fitting losses can converge at a relatively balanced level.

(i=1,...,M). ©)

Inner-Balancing for Solving PDEs with One Type of Con-
dition Intra-balancing is absent for PDEs with a single spe-
cific type of condition (e.g., time-independent PDEs with
only BCs). Hence, we introduce inner-balancing instead of
intra-balancing to solve those PDEs with a type of condi-
tion. Specifically, we decompose the single-condition loss
into two or multiple loss terms based on their inner charac-
teristics (e.g., spatial differences, different variables, etc.):
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Algorithm 1 DB-PINNs to dynamically adjust loss weights.

1: Consider a PINN with parameters 6 to output g (x,1).
The total loss function is defined as: Lo = L7 +
SMNiLE, where L7 denotes the PDE residual loss, £
is i-th condition-fitting loss (e.g., the loss term of initial
or boundary conditions, observational data, etc.), and b%
is the corresponding loss weight of L.

2: Define £o = [£*,...,LM]T € RY: a condition-fitting
loss vector at time step ¢ = 0.

3: Initialize the adaptive weights \* =1, (i = 1,..., M);
difficulty indexes Zo = [1,...,1]7 € Rf and pz, = Lo
at time ¢ = 0.

4: for t = 1 to max_train_steps do

5. Calculate £ and L using respective training points

and obtain £, = [L£1, ..., LM]T.
6: Calculate total gradient ratio: G = Zf\il %

(Inter-balancing)
. Update He, = (1 - %),U/[:t71 + %‘Ct
8:  Calculate Z; = fct .

t

9:  Calculate \' = J\Ij - x G.
j=17 )
10:  Update the weight X = (1 — })A" + TA%

(Intra-balancing)

11:  Update the parameters 8 = 6 — nVyL" —
NS M NV, L
12: end for

glotal — pr 4 \pbe % prog >, ALY The similar op-
erations in equations (5) and (6) can be smoothly carried
out to compute weights for each decomposed loss. As a re-
sult, inner-balancing enables DB-PINNSs to extend beyond the
scope of solving time-dependent PDEs.

3.3 Weight Update Strategy for DB-PINNs

Due to the stochastic nature of gradient descent updates,
the instant weight values exhibit high variance. Existing
gradient-based weighting methods usually adopt the Expo-
nential Moving Average (EMA) strategy to update weights:
A= (1—a)\! +a)i, where avis a hyperparameter. However,
we observed that this update strategy still fails to handle large
variances, leading to frequent occurrences of abrupt spikes
and even arithmetic overflow in the instant weight values, par-
ticularly when standard deviation or kurtosis is used as a sta-
tistical metric. To address this issue, we propose a robust free-
of-tuning-hyperparameter loss weight update strategy. This
strategy uses Welford’s algorithm [Welford, 1962], an online
estimate, to track the mean of the observed condition-fitting
loss vector using the following update rules:

1

1
po, = (1— E)Mﬁt,l + ;ﬁn N

where ji., is updated using the previous observations piz,
and the current observation £;. Likewise, the weight is also
updated using the same update rules:

. 1 . 1.
T (1 — )\ 2L
N= (1= DX+ A ®)
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This strategy provides a computationally efficient way to es-
timate the mean from the history of observed losses and ro-
bustly update weights without additional hyperparameters.
We summarize our proposed method in Algorithm 1.

4 Experiment
4.1 PDE Benchmarks

We perform the experiments on solving six PDE benchmarks
to evaluate the effectiveness of DB-PINN. Due to the page
limit, here we report the results of three PDEs. More experi-
mental results are presented in the supplementary material.

Klein-Gordon Equation Klein-Gordon equation is a fun-
damental nonlinear equation in quantum mechanics and
quantum field theory [Vemuri and Denzler, 2023]. We con-
sider the Klein-Gordon equation with a boundary condition
u(x,t) = x cos(5nt) + (xt)® and initial conditions u(z,0) =
x and uy(x,0) = 0:

Ut — Ugy + 1 =0, r€[0,1],t€[0,1. (9
Its exact solutions have the same analytical function as the

boundary condition.

Wave Equation We consider the one-dimensional (1D)
wave equation, which conventional PINNs struggle to solve
due to its stiffness [Wang er al., 2022; McClenny and Braga-
Neto, 2020]. The wave equation with a boundary condi-
tion u(x,t) = 0 as well as the initial conditions u(z,0) =
sin(mx) + 0.5 sin(47wz) and ut(z,0) = 0 is formulated as:

uge(x,t) — dug (x,t) =0, x€[0,1],£€[0,1]. (10)
Its exact solutions are given:
u(z,t) = sin(mz) cos(2wt) + 0.5 sin(4rwz) cos(8nt). (11)
Helmholtz Equation Helmholtz equation describes the
propagation of waves with a specific frequency in acoustics,

electromagnetics, and fluid dynamics fields. The PDE with a
boundary condition u(x, y) = 0 is described as follows:

um+uyy+u:q(x,y), HAS [7171]ay€ [7171}7 (12)
where the forcing term is

q(z,y) = —m’sin(rx) sin(4my) — (47)2sin(7x) sin(47y)
+ sin(7z) sin(47my),
13)
from which an analytical solution can be derived:
u(x,y) = sin(rz) sin(4ny). (14)

There is no initial condition, and thus no IC loss. To vali-
date the effectiveness of DB-PINN on solving such a time-
independent PDE, we partition the four boundaries into two
groups: the z-axis boundary and the y-axis boundary, and
thus the BC loss consists of two loss terms. Inner-balancing
between these two boundary loss terms aims to achieve a
more balanced training for fitting boundary conditions of dis-
tinct variables.

4.2 Experimental Setting

We compare the performance of different weighting meth-
ods in PINNs. Specifically, equal weighting is used as a
basic baseline. Uncertainty weighting [Xiang er al., 2022]
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and SA-PINN [McClenny and Braga-Neto, 2023] are repre-
sentative of the learning approach in weighting techniques.
Regarding the PINNs using gradient-based weighting meth-
ods (denoted as GW-PINN), we adopt three different statis-
tical measures which have been utilized in previous works:
mean magnitude (mean) [Wang et al., 2021], standard devi-
ation (std) [Maddu et al., 20221, and kurtosis [Vemuri and
Denzler, 2023] for depicting the characteristics of gradient
distribution. Accordingly, DB-PINN also has three imple-
mentations, each corresponding to a distinct gradient statistic
used in inter-balancing.

We use hyperbolic tangent activation functions and the
Adam optimizer with a learning rate of 0.001 as default. We
choose the L? relative error (L2RE) and mean absolute error
(MAE) as evaluation metrics. In all cases below, the training
process is iterated 10 times with random restarts. The average
and standard deviation of errors are reported. More detailed
experimental setups are shown in the supplementary material.

4.3 Main Results

Insights Behind the Proposed DB-PINN and Its Benefits
Figure 2 illustrates the training loss and weight curves over
training epochs for EW, GW-PINN (std), and DB-PINN (std),
revealing the limitations of GW-PINN and highlighting the
advantages of DB-PINN. First, compared to EW, GW-PINN
enlarges the gap between £°¢ and £°. This is because GW-
PINN consistently assigns a larger weight to £°¢ than £,
i.e., the curve of A% is always above M€, even though the
model already fits BC better than IC. Second, training losses
usually exhibit variances, manifested as sharp fluctuations
in the loss curves in Figure 2(a). However, GW-PINN is
overly sensitive to instantaneous loss values, and the result-
ing weights undergo rapid volatility, leading to abrupt spikes.
Ultimately, the model fails to reach the optimal. In contrast,
DB-PINN effectively mitigates these two issues. In Figure
2(c), DB-PINN avoids BC overfitting and IC underfitting, and
it ensures both condition losses steadily converge at almost
the same rate to values below 10e-4. This is attributed to
DB-PINN’s capability to dynamically allocate robust weights
guided by fitting difficulty with the proposed weight updating
strategy. Please refer to the supplementary material for more
results.

Klein-Gordon Equation Table 1 summarizes the results
of PINNs using different weighting methods for solving the
Klein-Gordon equation. Compared to equal weighting (EW),
which has the largest errors, other methods significantly re-
duce prediction errors. This proves the importance of find-
ing the optimal weights for better balancing several loss com-
ponents in the PINN optimization. Regardless of the gradi-
ent statistics employed, our proposed DB-PINN consistently
achieves more stable and accurate predictions than its coun-
terpart, GW-PINN. DB-PINN (kurtosis) achieves the least
prediction errors. Figure 3(a-b) shows the point-wise abso-
lute prediction errors of EW and DB-PINN (kurtosis), and it
indicates that DB-PINN yields the lower maximum errors.
The snapshots in Figure 3(d-f) prove again that DB-PINN
achieves the best prediction performance. Figure 3(c) shows
that DB-PINN converges fastest and eventually achieves the
least predictive errors.
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Klein-Gordon Equation

Wave Equation

Helmholtz Equation

Method L2RE (%) MAE (%) L2RE (%) MAE (%) L2RE (%) MAE (%)
Equal weighting 7.272 £3.566 241541320 | 39.870 + 1.612 16.071 £0.671 | 7.174 +2.434 2257 £ 0.757
Uncertainty weighting | 1.450 & 0.705  0.478 £0.227 | 32.572 +3.486  13.094 + 1.386 | 0.845 = 0.888  0.314 4 0.368
SA-PINN 3.696 £1.085 1.193 £0.318 | 33.867 4 2.085 13.568 + 0.826 | 2.413 £ 0.418 0.753 + 0.159
mean 2.062 +0.890  0.690 % 0.293 2.126 £ 0.360 0.916 £ 0.154 | 0.796 £ 0.125  0.188 £ 0.026
GW-PINN std 1.848 1455 0.623 £ 0.494 8.093 £10.072  3.369 £4.117 | 0.270 £ 0.089  0.105 & 0.037
kurtosis | 1.262 £0.403 0.421 £ 0.134 17.361 £ 7.938 7.630 +3.434 | 0.331 £0.071 0.113 £ 0.034
mean 0.885 +£0.257  0.297 £ 0.092 0.852 £+ 0.193 0.373 £ 0.084 | 0.180 +0.023  0.055 £ 0.008
DB-PINN std 0.767 £ 0.112  0.254 £ 0.041 0.292 £+ 0.129 0.128 + 0.056 | 0.235 +0.065 0.093 £ 0.025
kurtosis | 0.636 +0.132  0.214 £ 0.049 0.715 £ 0.507 0.293 +0.214 | 0.140 = 0.018  0.052 £ 0.009
Table 1: Errors (mean =+ std) of different weighting methods for solving these three PDE benchmarks.
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Figure 2: Loss and weight curves during the training on solving the
Klein-Gordon equation.

Wave Equation Table 1 compares the performance of dif-
ferent methods for solving the wave equation. Equal weight-
ing struggles to solve this PDE with the relative L? error
around 40%. Uncertainty weighting and SA-PINN achieve
a slight improvement in accuracy. GW-PINN enlarges the
performance gap with the baseline but exhibits unstable per-
formance related to the statistical metrics. Thus, the choice of
gradient statistics plays a significant role in the performance
of GW-PINN when solving more intricate stiff PDEs. Fortu-
nately, DB-PINN exhibits a significant advantage in that the
performance gaps induced by the employed gradient statis-
tics are greatly reduced. Specifically, DB-PINN consistently
obtains the best prediction performance among these differ-
ent weighting methods. Figure 4(a-b) visually compares the
performance of EW and DB-PINN (kurtosis). DB-PINN
achieves better prediction accuracy, which is also proved by
the comparison in Figure 4(d-f). Figure 4(c) shows that DB-
PINN has a fast convergence speed and stable predictive per-
formance with low errors.
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Figure 3: The Klein-Gordon equation. (a-b) Point-wise absolute
errors. (¢) Mean prediction error curves. (d-f) Comparison between
reference solutions (blue) and predictions (red).

Helmholtz Equation Table 1 reports the results for solving
the Helmholtz PDE. Compared with GW-PINN using identi-
cal statistics, DB-PINN attains lower errors. DB-PINN (kur-
tosis) yields the least errors with the L2RE of 0.140% and
MAE of 0.052%. Hence, the effectiveness of DB-PINN in
solving time-independent PDEs also has been validated. Fig-
ure 5(a-b) indicates that DB-PINN (kurtosis) has the low-
est maximum errors. Figure 5(d-f) shows the snapshots of
prediction at the boundary x = 1.00. DB-PINN (kurtosis)
achieves predictions that closely match reference solutions.
Figure 5(c) shows that DB-PINN exceeds GW-PINN in both
convergence speed and prediction accuracy.

4.4 Ablation Study

Dual-Balancing We conduct ablation studies on solving
the Klein-Gordon equation to evaluate the respective contri-
bution of the dual-balancing and the weight update strategy
in DB-PINN. Table 2 reports the results of the ablation study
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about the dual-balancing mechanism in DB-PINN. Our ap-
proach without inter- and intra-balancing is denoted as ‘DB-
PINN w/o balancing’, which is equivalent to GW-PINN with
the proposed weight update strategy. ‘DB-PINN-Avg’ refers

Method Stats L2RE (%) MAE (%)
mean | 1,095 £ 0.142 | 0376 L 0,049
W/Doi'algilfng std | 0969 + 0204 | 0329+ 0.070
kurt. | 0797 £0.122 | 0.267 +0.043
mean | 0.985 £ 0.175 | 0.336 £ 0.062
DB-PINN-Avg | std | 0.899+0.152 | 0.302 + 0.052
kurt. | 0776 £ 0.113 | 0.263 + 0038

Table 2: Ablation study of the dual-balancing mechanism in DB-

PINN (w/o denotes without).

Method a Stats L2RE (%) MAE (%)

mean | 1.486 £ 0.534 | 0490 £ 0.163

05 | std | 133740367 | 0451 +0.124

kurt. | 1,205+ 0273 | 0.405 -+ 0.092

mean | 1.305 £ 0.474 | 0.440 £ 0.164

]33';{/1&\1 02 | std | 1.182 40294 | 0402+ 0.098
kurt, | 1112 +0.248 | 0.378 + 0.086

mean | 1.034 £ 0.306 | 0.347 £ 0.102

001 | std | 0913 +0.133 | 0307 + 0.046

kurt. | 0.859 +0.193 | 0.292 + 0.067

Table 3: Ablation study of the weight update strategy in DB-PINN
(w/ EMA denotes that the update strategy is replaced with EMA).

to the DB-PINN without intra-balancing, which allocates the
average of the aggregated weight to each condition loss. Re-
gardless of any one of the statistical metrics, ‘DB-PINN w/o
balancing’ consistently achieves inferior performance than
DB-PINN in Table 1. Notice that ‘DB-PINN-Avg’ obtains
poorer accuracy than DB-PINN, which justifies the necessity
of balancing the training to learn multiple conditions with dif-
ferent levels of fitting difficulty. Therefore, inter-balancing
and intra-balancing are indispensable to addressing two im-
balance issues, constituting the dual-balancing mechanism
collaboratively.

Weight Update Strategy To evaluate the proposed weight
update strategy, we replace it with EMA, denoted as ‘DB-
PINN w/ EMA’. The results are reported in Table 3. As there
is a hyperparameter « in EMA, we run ‘DB-PINN w/ EMA’
with = 0.5, @ = 0.2, and o = 0.01, respectively. Table
3 indicates that the performance of ‘DB-PINN w/ EMA’ is
very susceptible to a. The accuracy of ‘DB-PINN w/ EMA’
increases along with the descending «. This reminds us to
carefully select the value of & when using EMA, but undoubt-
edly, it can lead to the heavy consumption of computational
resources because of trials and errors in tuning this hyperpa-
rameter. Importantly, ‘DB-PINN w/ EMA’ steadily performs
worse than DB-PINN, which demonstrates the superiority of
the weight update strategy over EMA.

5 Conclusion

In this work, we propose DB-PINNSs to adaptively adjust the
loss weights in PINNs by combining inter-balancing (to mit-
igate the gradient imbalance between PDE residual loss and
condition losses) with intra-balancing (to address the imbal-
ance in fitting difficulty among different condition losses).
We further introduce a robust weight update strategy to tackle
the large variance in weight values for stable training. Experi-
mental results show that DB-PINN consistently exceeds GW-
PINN in both convergence speed and prediction accuracy.
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